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PEEFACE. 

\ There are two methods of inyestigating the principles of Geometry. 

•^ The, only method known to the ancients was independent of the aid 

jf of Algebra. This method has been so completely developed by Euclid, 
as to leave little room for improvement. It is true, modern vnriters 

■Z have arrived at many of his conclusions by more simple and concise 
' methods ; but, in so doing, they have, in most .instances, sacrificed 

"^ that rigor of logical demonstration, which so justly constitutes the 

>k great merit of his writings. 

r\ While but little room is left for improving on the model of Etjclid, 
the modern geometer, by bringing to his aid the principles of Algebra, 
has greatly enriched the geometry of the ancients, by the discovery of 
many beautiful relations of magnitudes, which probably would never 
have been brought to light by the old method. 

In this work, which is after the model of ExrcLiD, we have not 
strictly copied any one author, but have endeavored to select from all 
the sources within our reach, such parts as we deemed best adapted 
to our wants. In the solid geometry, or geometry of three dimensions, 
we have made free use of Peter Barlow's arrangement, as given in 
the Encyelopadia Metropolitana ; which, indeed, is but a slight 
modification of Legexdre's method. 

We have found, from experience in teaching, that, as a general 
thing, beginners in the study of geomety consider it as a rfry, wn- 
interesting science. They have but little difficulty in following the^^ 
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demonstration, and arriying at a full conviction of its truth ; but they 
ask. What if the proposition is true ? What use can be made of it ? 

Now, to meet these difficulties, we have all along in the body of the 
work added, in a smaller sized type, such remarks, suggestions and 
practical applications as we have found from experience to interest 
the pupil. Our object has not been to multiply these practical ap- 
plications, but merely to give in their proper places a few of the more 
simple cases, such as would naturally suggest themselves to the mind 
of a successful teacher. A few examples, given in this way, will excite 
in the pupil a desire to invent for himself still further applications, 
thus keeping up a lively interest in the study of this most important 
branch of education. 

The arrangement of the work is such as to make the text, which is 
given in the larger sized type, whoUy independent of the explanatory 
matter in small type. The course is, therefore, complete with the 
omission cf the practical portion. 

In an appendix, we have given the solution of a few geometrical 
problems by the aid of algebra ; thus showing the facility with which 
many difficult cases are made to yield, under the influence of the 
analytical method of investigation. We have also taken this opportu- 
nity to exhibit some beautiful and interesting theorems, by translating 
the results of algebraical deductions into the language of geometry. 

GEORGE R. PERKINS. 
UnoA, September, 1S47. 
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FIRST BOOK. 

THE PRINCIPLES. 

Geometey is the science of extension. 

It considers the extent af distance, extent of surface, 
and the extent of capacity or solid content. 

The name geometry is derived from two Greek words, 
signifying land and to measure. 

(Art. 1.) Egypt is supposed to have been the birthplace of this 
beautiful and exact science, where the annual inundations of the Nile 
rendered it of peculiar value to the inhabitants as a means of ascer- 
taining their effaced boundaries. At the present time it embraces the 
measurement of the earth and of the heavens. Its principles are ap- 
plicable to magnitudes of all kinds. There is scarcely any mechanical 
art which does not receive great assistance from Geometry. 

DEFINITIONS OF MAGNITUDES. 

I. A solid or body is a magnitude having three dimen- 
sions : length, breadth, and thickness. 

A 
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n. A surface is the limit or boundary of a solid, having 
two dimensions : length, and breadth. 

III. A line is the limit or boundary of a surface, having 
only one dimension : length. 

IV. A jmvt is not a magnitude. It has no din^ension in 

any direction, but simply position. Hence, the extremities 

of lines are points. Also, the place of intersection of two 

lines is a point. 

(2.) The common notion of a point is derived from the extremity 
of some slender body, such as the end of a common sewing needle. 
This being perceptible to the senses, is a physical pointy and not a 
mathematical point ; for, by the definition, a point has no magnitude. 

V. A straight line is the shortest distance between two 
points. 

(3.) Among the infinite number of lines which can be imagined, 
having difierent degrees of flexure, one only corresponds with the 
straight line, namely, the one which has no flexure. 

The outlines of the different objects of nature are, in general, 
presented to us in the form of curved lines, some of which are very 
graceful and pleasing to the eye. 

(4.) In accordance with the above definition, if a fine flexible string 
be stretched between its two extremities, it will assume, nearly, the 
direction of a straight line. Owing to the weight of the string, it will 
necessarily be bent downwards. If, however, we could suppose the 
string devoid of weight, it would then produce a straight physical 
line, which will approach more nearly to the mathematical line as 
the size of the string is diminished. 

(5.) All the lines which we form upon paper or upon the black- 
board, for the purpose of illustrating the principles of Geometry, are 
physical lines. Indeed, it is impossible to form a mathematical line, 
but we may, however, conceive of such lines, and this we must always 
do in our geometrical reasoning ; and for the want of a better method, 
we use the physical lines as representatives of the mathematical lines 
which we wish to consi4er. 
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(6.) In ornamental gardening, the sides of walks, the rows of plants, 
shrubs and trees, etc. are determined by stretching a flexible cord 
between their extremities. 

In carpentry and other arts, straight lines are formed upon plane 
surfaces by stretching upon the surface a flexible cord, previously 
rubbed over with chalk. The middle portion of the cord is then raised, 
and allowed to recoil by its elasticity, thus leaving upon the surface a 
chalked line. 

(7.) Another definition of a straight line is as follows : When a line 
is such, that the eye being placed near one extremity so as to cause it 
to conceal the other extremity, it shall, at the same time, hide from 
view all other portions of the line ; then such line is called a straight 
line. 

This definition is due to Plato. A practical application of this 
definition is used by artftans, in bringing the eye to range along the 
direction of the line under consideration, technically called sighting. 

VI. Every line which is not a straight line is called a 
curved line. When we hereafter speak of a line, unless 
otherwise expressed, we shall mean a straight line. 

Thus, AB and CD are straight lines ; GH and KL are 
curved lines. The extremities of these lines, as well as 
their intersections F and M, are points. 





Vn. A ylane surface^ or simply a 'plane, is a^purface, in 
which, if two points be taken at pleasure, and connected 
by a straight line, that line will be wholly in the surface. 
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(8.) A practical test, in accordance with this definition, is employed 
by artisans to determine whether a surface is plane. They take a rod 
or rule whose edge is straight, and apply it in various directions upon 
the surface under consideration, observing whether the edge of the 
rule, or as it is technically called the straightC'dge, coincides in all 
positions with the surface ; if so, the surface is a plane. 

(9.) The practical miller, when he wishes to dress his millstones to 
a plane surface, rubs the straight-edge with paint, and then applies it 
in various directions upon the face of the stones ; thus showing, by the 
transfer of the paint, which are the highest portions of the stone. 
These portions are dressed down; and the process again repeated, 
until the face of the stone has been brought as near a plane surface as 
may be deemed necessary. 

The action of the carpenter's plane is founded upon the same 
principle. 

Vin. Every surface which is not plane, is called a 

curved surface. 

(10.) The plane surface may be regarded as one particular kind of 
surface out of the infinite varieties which can be imagined. To the 
eye, many of the curved surfaces are far more graceful and pleasing 
than the plane. 

IX. When two straight lines AB, 
AC, meet each other, the space in- 
cluded between the lines is called 
an angle. The p?)int of intersection 
A, is the vertex of the angle ; and 
the lines AB, AC are the sides of A B 

the angle. Perhaps it would be better to define an angle 
as the opening between two lines which meet. 

An angle is sometimes referred to by simply naming 
the letter at its vertex, as the angle A ; but usually by 
naming the three letters, as the angle BAC, or CAB, 
observing to place the letter, at the vertex, in the middle. 
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X. When a straight line AB is 
met by another straight line DC, so 
as to make the adjacent angles 
ACD, BCD equal to each other, 
each is called a right angle. The _ 
line DC, thus meeting the line AB, -^ 
is said to be perpendicular to AB. 

XL Every angle BAC which is less than a right angle, 
is called an acute angle ; and every angle DFG which is 
grreater than a right angle, is called an obtuse angle. 



B 





D 




(11.) If we suppose the extremity B of 
the line A^B to be fixA, while the line 
revolves in the same plane about B, so as 
to take the successive positions AfB, AgB, 
AftBy A«B, &c., until it has made a com- 
plete revolution and returned to its first ^ 
position, then will this complete revolution * 
have caused the line AgB to pass over an 
angular magnitude equal to four right an- 
gles. It is obvious that this angular magnitude has no dependence upon 
the length of the revolving line. 

Angular magnitude is expressed numerically by supposing the 
whole space to be divided into 360 equal portions called degrees^ so 
that 90 degrees will be the measure of a right angle. The degree is 
divided into 60 equal portions called minutes, and the liiinute into 60 
$econdBf and so on ih sexagesimal divisions. The French mathemati- 

AS 
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cians have thought it mor« convenient to divide the whole angular 
space into 400 degrees, and each degree into 100 minutes, each minute 
into 100 seconds, and so on in the centesimal division. In this division, 
the right angle would consist of 100 degrees. No doubt the French 
division is more simple than the sexagesimal division ; but in many 
geometrical as well as physical inquiries, it is desirable to express 
certain aliquot parts of four right angles in integral degrees ; and, in 
such cases, the sexagesimal division has the preference, since 360 has 
more divisors than 400. 

(12.) Hereafler, unless the contrary is expressed, we shall, when 
speaking of degrees, wish to be understood as referring to the usual 
division of the whole angular space into 360 degrees. Degrees are 
commonly expressed by placing over the number a small circle-; thus, 
360® signifies 360 degrees ; 90**, in the same way, denotes 90 degrees. 
That the student may become familiar with some of the numerical 
denominations of angles frequently used, we have given at one point 
of view the following : 

A right angle is 90® 



Two right angles 

Three right angles 

Half a right angle ■ . . 

One third of a right angle . 
Two thirds of a right angle 



180® 

270® 

45® 

30® 

60® 



(13.) If two diameters of a circle be 
drawn at right angles with each other, as 
in the adjoining figure, it is obvious that 
the entire space will be divided into four 
equal portions, each being a right angle. 
Therefore the entire circumference may, 
with great propriety, be taken as the mea- 
sure of 360°, or four right angles. Any 
fractional part of the circumference will be the measure of a like 
fractional part of 360® ; thus, one fourth of the circumference is the 
measure of 90®, or one right angle. 

The magnitude of the circumference has nothing to do with the 




BOOK 1. / 

magnitude of the angles, since their magnitudes depend wholly upon 
the fractional parts of the whole angular space about the centre C. 

(14.) In the useful arts, all cutting tools have their edges formed 
into angles of various magnitudes, according to the materials to be cut. 
As a general rule, the softer the material to be divided, the more acute 
is the angle of the cutting edge. Chisels for cutting wood are formed 
with an angle of about 30°; those for cutting iron, at from 50° to 60°; 
and those for brass are 80° or more. 

(15.) The angle which is by far the most extensively used in the 
arts, is the right angle. This is the angle of mechanical equilibrium, 
between the direction of any impact or pressure, and the resisting 
surface. A force cannot be wholly counteracted by a surface, unless 
the surface is exactly perpendicular to the direction of the force. 

It is this principle which determines the erect position of natural 
structures of animals and plants ; and it is by following out the archi- 
tecture of nature, that artificial structures, raised by the hand of man, 
acquire stability and beauty. Buildings are erect, because the direction 
of their weight must be perpendicular to their support. A steeple or 
tower, which, by the yielding of the foundation, or any other cause, 
is out of the perpendicular, cannot be viewed without some sense of 
danger, and consequently some feelings of pain. 

Xn. Two straight lines are said to be parallel^ when, 
being situated in the same plane, they cannot meet, how 
far soever, either way, both of them be produced. They 
are obviously every where equally distant. 

(16.) The ordinary frames of windows and doors, and nearly all 
architectural frame work, consist of systems of parallel lines at right 
angles with each other. All fabrics produced in the loom, consist of 
two systems of parallel threads, crossing each other at right angles, 
80 interlaced as to give strength and firmness to the cloth. 

The railway consists of two or more parallel lines of iron bars, 
called raUs, 
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Xni. A plane figure is a limited portion of a plane. 
When it is limited by straight lines, the figure is called 
a rectilineal figure, or a polygon ; and the limiting lines, 
taken together, form the amtour or perimeter of the 
polygon. 

(17.) The surfaces of level fields, bounded by straight fences, are 
polygonal figures. Floors of buildings are* polygons, usually having 
four sides. 

XrV. The simplest kind of polygon is one having only 
three sides, and is called a triangle. A polygon of four 
sides is called a quadrilateral ; that of five sides is called 
& pentagon ; that of six sides is called a heptagon ; and so 
on for figures of a greater number of sides. 

XV. A triangle having the three sides equal, is called 
an equilateral triangle ; one having two sides equal, is 
called an isosceles triangle ; and one having no two sides 
equal, is called a scalene triangle^ 






XVI. A triangle having a right 
angle, is called a right-angled tri- 
angle. The side opposite the right 
angle is called the hypothenuse^ 
Thus BAG is a right-angled tri- 
angle, right-angled at A ; the side 
BC is the hypothenuse. 
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XVn. When the opposite sides 
of a quadrilateral are parallel, the 
figure is called a parallelogram. 





XVin. When the four angles of 
a parallelogram are right angles, 
the figure is called a rectangle. 



XIX. When the four sides of a 
rectangle are equal, the figure is 
called a square. 



XX. When the four sides of a 
parallelogram are equal, and the 
angles not right, the figure is called 
a rhombus. 



XXI. When only two sides of 
a quadrilateral are parallel, the 
figure is called a trapezoid. 
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(18.) From the above definitions, it will be seen that the quadri- 
lateral includes the parallelogram, the rectangle, the square, the 
rhombus, and the trapezoid ; the parallelogram includes the rectangle, 
the square, and the rhombus ; and the rectangle includes the square. 

Nearly all architectural structures, such as doors, windows, floors, 
and the sides of houses, are of the rectangular form. Among the dif- 
ferent triangles employed in architecture and carpentry, the isosceles 
is most frequently to be found. It is the form usually given to the roofs 
of buildings, and to the pediment which surmounts and adorns por- 
ticos, doors and windows. 



XXn. A diagonal of a polygon is a line joining the 
vertices of two angles, not adjacent. 






(19.) From the above definitions, in connection with the diagrams, 
it will be readily seen that the triangle has no diagonal, the quadri- 
lateral has two diagonals, the pentagon has five, and so on for polygons 
of a greater number of sides. 

The number of diagonals of a polygon of n sides is given by this 
algebraic expression, i n ( n — 3). [See Elements ofjllgehra. Art. 
178.] 



XXin. A circle is a plane figure 
bounded by one line, which is called 
the circumference ; and is such that 
all straight lines drawn from a 
certain point within the circle to 
the circumference, are equal to one 
another. This point is called the 
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centre of the circle. One of the equal lines drawn from the 
centre of a circle to its circumference, is called a radius. 
The line passing through the centre, and terminating each 
way in the circumference, is called a diameter. 



DEFINITION OF TEEMS. 

1. An axiom is a self-evident proposition. 

2. A theorem is a truth, which becomes evident by 
means of a train of reasoning called a demonstration, 

3. A problem is a question proposed, which requires a 
solution. 

4. A lemma is a subsidiary truth, employed for the 
demonstration of a theorem^ or the solution of *a problem. 

5. A corollary is an bbvious consequence deduced from 
one or several propositions. 

6. A scholium is a remark on one or several preceding 
propositions, which tends to point out their connection, 
their use, their restriction, or their extension. 

7. A postulate is a problem, the method of solving which 
is obvious. It is therefore assumed or taken for granted by 
the geometer. 

AXIOMS. 

I. Things which are equal to the same thing, are equal 
to each other. 

n. "When equals are added to equals, the wholes are 
equal. 
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III. When equals are taken from equals, the remainders 
are equal. 

IV. When equals are added to unequals^ the wholes 
are unequal. 

V. When equals are taken from unequals, the remain- 
ders are unequal. 

VI. Things which are double of the same or equal 
things, are equal. 

VII. Things which are halves of the same thing, are 
equal. 

VIII. Every whole is equal to all its parts taken to- 
gether, and greater than any of them. 

IX. Things which coincide, or fill the same. space, are 
identical. * 

X. All right angles are equal to one another. 



POSTULATES. 

I. To draw a straight line from any one point to any 
other point. 

II. To produce a terminated straight line to any length. 

ni. To describe the circumference of a circle, from any 
centre, with any radius, or, in other words, at any distance 
from that centre. 
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PROPOSITIONS. 



PEOPOSITION I. 



Theorem. When a straight line meets another straight lim^ 
the sum of the ttoo adjacent angles ^ this formed^ is equal 
to ttoo right angles. 




Let the straight line AB be met 
by the straight line CD at the point 
D. Then will the two adjacent an- 
gles ADC, BDC be together equal 
to two right angles. ^ 



Suppose the line DF to be at right angles to AB (Def. 
X)» The angle ADC is composed of the two angles ADF 
and FDC : therefore the sum of the two angles ADC, 
CDB is equal to the sum of the three angles ADF, FDC, 
CDB (Ax. II); of which the first ADF is a right angle 
(Def. X), and the sum of the other two FDC and CDB 
composes the right angle FDB : therefore the sum of the 
two angles ADC and BDC is equal to two right angles. 

Cor. 1. Hence, also, conversely, if the two angles ADC, 
BDC, on the same side of the line AB, make up together 
two right angles j then KD and DB will form' a continued 
straight line AB. 

Cor, 2. Hence, all the angles which can be made at 

any point D, by any number of lines on the same side of 

AB, are together equal to two right angles. 

B 
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Cor, 3. And as all the angles that can be made on the 
other side of AB are also equal to two right angles ; there- 
fore all the angles that can be made around the point D, 
by any number of lines, are equal to four right angles^ 

(20.) The instrument called a aquare, 
which is extensively used in the arts for 
tracing lines at right angles to each other, 
consists of two flat rulers placed at right 
angles as in the adjoining figure. When 
mucli precision is required, great care 
should be taken by those purchasing this 
instrument, to test its accuracy. The pre- 
ceding Proposition suggests a very simple 
and sure means of making such test. 

Suppose the straight line AB to be the 
edge of a board, or any other plane surface. 
Apply one side of the' square so as to co- 
incide with AC ; then, along the other 
edge, upon the surface, draw the line CD. 
Now, reversing the square. Apply the first A: 
side so as to coincide with BC ; and then, 
along the secoMd side, trace upon the sur- 
face the line CF. If the square is perfectly accurate, it is obvious that 
the lines CD, CF will coincide. 

This method not only detects an error in the instrument, when it 
exists, but also shows the amount of error ; th^t is, how much the 
angle of the square exceeds or falls short of being a right angle, or of 
containing just 90^. 
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PROPOSITION II. 

Theoeeh . When ttoo lines intersect each others the opposite 

angles are equal. 

C 

Let the two lines AB, CD inter- 
sect at the point F ; then will the y^ g 

angle AFC be equal to BFD, and 
the angle AFD equal to BFC, 

For, since the line CF meets the line AB, the two 
angles AFC, BFC, taken together, are equal to two right 
angles (Prop. I). In like manner^ the line BF, meeting 
the line CD, makes the sum of the two angles BFC, BFD 
equal to two right angles. Therefore the sum of the two 
angles AFC, BFC is equal to the sum of the two BFC, 
BFD (Ax. I), And if the angle BFC, which is common, 
be taken away from each of these equals, the remaining 
angle AFC will be equal to the remaining angle BFD 
(Ax. ni). And in the same manner it may- be shown that 
the angle AFD is equal to BFC. 



PROPOSITION III. 



Theorem. If two triangles have two ^ides and the included 
angle of the ane^ equal to the two sides and the included 
angle of the other ^ the triangles vnll he identical^ or equal 
in all respects. 
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In the two triangles ABC, DFG, if the side CA be equal 
to the side GD, and the side CB equal to the side GF, 
and the angle C equal to the angle G ; then will the two 
triangles be identical, or equal in all respects. 





For, conceive the triangle ABG to be placed upon the 
triangle DFG, in such a manner that the point C may 
coincide with the point G, and the si^e CA with the equal 
»ide GD. Then, since the anglie G is equal to the angle 
C, the side CB, will take the direction of the side GP. 
Also CB being equal to GF, the point B will coincide with 
the point F ; consequently the' side AB will coincide with 
DF, Therefore the two triangles are idejitical, and have 
all theirother corresponding parts equal (Ax. IX), namely, 
the side AB equal to the side DF, the angle, A equal to 
the angle I), and the angle B equal to the angle F, 

(21.) Let BD be a candlestick with a 
candle, who86 flame is at the point B, 
standing perpendicularly on a plane 
mirror CD. Let A be the position of the 
eye at the height of CA, above the jnir- 
ror. It is required to find the point G at 
which the light is reflected so as to enter 
the eye, the angle AGC Seing equal to 
the angle BGD. 

SoltUion, Produce BD until DF is equal to BD : draw AF, cutting 
the mirror at G, and G wiU be the point required. For, comparing tKe 
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triangle GFD with GBD, we have DF equal to DB, D6 common, and 
the angle GDF equal to GDB, each being a right angle; therefore 
those triangles are equal (Prop, in) : consequently the angle DGB is 
equal to the angle HGF ; but DGF irequal to the opposite angle AGC 
(Prop, ii) ; hence the angle BGD is equal to AGC. 

(22.) Suppose AC and BD to represent 
two trees standing on the horizontal plane 
AB, it if required to find a point in this 
plane equally distant from the tops C & D. 

SoltUion. Join CD, and bisect it by the ' 
perpendicular FG ; then will the point G 
be the point sought. For, if we join GC, 
GD, we shall have the triangle GFC equal 
to GFD, since the side FC is equal to FD, 
the side FG common, and the angle CFG equal_to DFG, each being 
a right angle. Therefore (Prop, m), the triangle GFC is equal to 
GFD ; consequently GC is equal to GD. 






(23.) It is also obvious 
that, in this question, 
the above method of 
construction will apply 
when the two trees do 
not stand upon a hori- 
zontal plane. 



The above construction will also apply in case the ground is hori- 
zontal, and the trees, instead of being vertical, are oblique. 

(24.) The foregoing are only particular cases of the following more 
general proposition : 

PbobiaEM. Td find a point in a given straight line, equally distant 

from two given paints. 
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(25.) Suppose AC to be a tree, standing 
on the horizontal plane AB ; it is required 
to find at what point it must be broken, so 
that, by falling, the top may strike. the 
ground at B. 

Solittion. Join CB, and bisect it by the 
perpendicular DF ; then will F be the 
point at which the tree must break. For, 
joining BF, and comparing the triangle 
FBD with the triangle FCD, we see that 
the side DB is equal to DC, the side FD 

common, and the contained angle FDB equal to FDC, each being a 
right angle. Therefore ( Prop, m) the triangle FBD is equal to FCD ; 
consequently FB is equal to FC 



The solution is ef- 
fected in the same way 
when the tree is sup- 
posed to stand upon an 
inclined surface, as 
upon the side of a hill. 



(26.) The general proposition, of which the foregoing are particulaE 
cases, may be thus givei^ : 

Problem. Given the base of a t/ciangli, one of the angles tit the 
base, and the stan of the other ftpo. sides, to construct the triangle. 

c 

Construction, Make AB equal' to the 
given base ; draw AC, making the angle 
BAC equal to the given angle, and AC 
equal to the sum of the other two sides ; 
join BC, and bisect it by the perpendicu- 
lar DF ; finally join BF, and ABF will 
be the triangle required. This is obvious 
from what has already been done^ 
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PROPOSITION IV. 

Theorem. If two triangles have ttvo angles and the included 
side of the orve equal to ttoo angles and the included side 
of the other J the triangles mil be identical, or equal in 
all respects. 

In the two tri- 
angles ABC, DFG, 
if the angle A is 

equal to the angle a, b D ' T 

D, the angle B equal to the angle F, and the side AB 
equal to the side DP ; then will the triangles he identical, 
or equal in all respects. 

For, conceive the triangle ABC to he placed on the 
triangle DFG, in such a manner that the side AB may 
coincide with the equal side DF. Then, since the angle 
D is equal to the angle A, the side AC will take the 
direction of the side DG ; also, since the angle F is equal 
to the angle B, the side BC will take the direction of the 
side -FG ; consequently the point C must coincide with 
the point G. Therefore the two triangles are identical 
(Ax. IX), having the two sides AC and BC respectively 
equal to DG and FG, and the remainipg angle C equal 
to the remaining angle G.. 
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PROPOSITION V. 



Theorem. In an isosceles triangle^ the angles at the base are 
equal ; or^ if a, triangle have tvx> sides equals the 'angles 
opposite those sides vnll he equal. 



If the triangle ABC have the sid^ 
AC equal to the side BC, then will 
the angle B be equal to the angle 
A. 




For, conceive the angle C to be bisected, or divided 
into two equal parts, by the line CD, making the angle 
ACD equfil to the angle BCD. Then the two triangles 
ADC and BDC have two sides and the included angle of 
the one equal to the two sides and the included angle of 
the other, namely, the side AC equal to BC, the angle 
ACD eqi^al to the angle BCD, and the side CD common ; 
therefore the two triangles are identical, or equal in all 
respects (Prop, iil), and consequently tJiCu^angle B is equal 
to the angle A* 

Cor. 1. Hence^ the line which bisects the vertical angle 
of an isosceles triangle, bisects the base, and is also 
perpendicular to it. 

Cor, 2. It also appears that every equilateral triangle is 
equiangular, or has all its angles equal. 



BOOK I. 



21 



PROPOSITION VI. 

Theorem. When am side of a triangle is produced, the 
exterior angle is greater than either of the two interior 
and opposite angles. 

Let ABC be a triangle, having 
the side AB produced to D ; then 
will the exterior angle CBD be 
greater than either of the interior 
and opposite angles BAC or BCA. 




A^^ 



For, conceive the side BC to be bisected in the point F, 
and draw thB line AF an4 produce it until FG is equal to 
AF ; and join BG. Now, in the two triangles AFC and 
GFB, the sides FA and FC are respectively equal to the 
sides FG and FB, and the opposite angles AFC and GFB 
are equal (Prop, ii); therefore these two triangles are 
equal in all respects (Prop, iii), and we have the angle 
AGF equal to the angle GBF ; consequently the exterior 
angle CBD, being greater than GBF, is greater than the 
interior angle BCA. 

In like manner, , if CB be produced to H, and AB be 
bisected, it may be shown that the exterior angle ABH, 
or its equal CBD, is greater than the other interior angle 
BAC. 
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PBOPOeiTION VII. 



T^OREM; Wkm d triangle has two of its angles equlil, the 
sides opposite to them are also equal, and the triangle will 
he isosceles. 



c 



In the triangle ABC, let the angle 
CAB he equal to the angle CBA ; then 
will the side CB he equal to CA. 




For, if these sides are not equal, one must he greater 
than the other : let CA be greater than CB ; then take AD 
equal to BC, and join DB. Now in the two triangles DAB 
and CBA, we hav^ DA equal ^to CB by construction, the 
side AB common, and the angle CAB equal to the angle 
CBA by hypothesis ; therefore two sides and the included 
angle of the one are respectively equal to two sides and 
the included angle of the other ; consequently the triangle 
DAB is equal to the triangle CBA (Prop* in). But a part 
cannot be equal to the whole (Ax. VIII) ; hence there can 
be no inequality between the sides CB and CA, and 
therefore the triangle is isosceles. 
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PROPOSITION VIII. 

Theorem. When two triangles have all the three sides of the 
one equal to all the three sides of the other ^ the triangles 

mil he ide'iiticaly or equal in all respects. 

( 

Let the two triangles ABC, 
ABD have their sides respective- 
ly equal, namely; AB equal to 
AB, AC equal to AD, and BC A- 
equal to BD ; then will these 
triangles be identical. 

For, conceive the two triangles to be joined together 
by their longest equal sides, and draw the line CD ; then, 
in the triangle ACD, since AC is equal to AD, we have 
the angle ACD equal to the angle ADC (Prop. v). In like 
manner, in the triangle BCD, since BC is equal to BD, 
we have the angle BCD equal to the angle BDC. Hence 
the angle ACB, which is the sum of ACD and BCD, is 
equal to the angle ADB, which is the sum of ADC and 
BDC. Since, then, in the triangle ACB, we have the two 
sides AC and BC, and their included angle ACB, equal 
respectively to the two sides AD and BD, and their in- 
cluded angle ADB, of the triangle ADB, it therefore 
follows that these triangles are identical (Prop. iii). 
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PEOPOSITION IX. 

Problem. Three straight lines A, B, C, each of which is less 
than (he sum of ths ttoo others^ being given, to construct a 
triangle whose sides shall be respectively equal to them. 

Make the line DF equal to 
the line A ; and with D and F 
as centres, and with radii equal 
respectively to the lines B and 
C, describe arcs intersecting at 
the point G ( Post. III). Join j^ ^ c 
DG, FG (Post. I), and the tri- 
angle DGF will be the triangle required, since the three 
sides are equal to the three lines A, B, C. 

Scholium. It is obvious th9,t the arcs described from D 
and F as centres, will intersect in two points G and H, 
thus giving two triangles DGF and DHF ; but these two 
triangles, having the three sides of the one equal to the 
three sides of the other, are identical (Prop. viii). 

If two of the given lines are equal, the triangle will be 
isosceles; when all the lines are equal, it will be equi" 
lateral* 




(27.) Theorem, ff, an the three sides of any triangle, equilateral 
triangles be constructed externally to the given triangle, then will 
the straight lines draumfrom the vertices of the equilateral triangles 
to the opposite angles of the given triangle he equal. 
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Let ABC t>e the given jtriangle, ap'on 
whose 8ide& the equilateral triangles 
ADB, BFC, CGA, are described ; then- 
will the lines DC, FA, 6B, be equal. 

Comparing the two triangles ABF, 
DBC, we have AB =« DB ; BF « BC. 
being sides of equilateral triangles. The 
angles CBF, ABD are equal, being angles 
of equilateral triangles ; to each of these 
angles add the angle ABC, atid we have 
the angle ABF =s DBC; Therefore the two triangles ABF and DBC 
have the two sides and the included angle of the one equal to the two 
tides and the included angle of the oth^r ; they are therefore identical 
(Prop, m), and sonsequently DC is equal to FA. 

By comparing the triangles ACF and GCB, ijt may be shown that 
they also are equal, and consequently FA is equal to GB. 

It might, moreover, be shown that these lines all intersect in the 
same point ^ ^ 

. (28.) Pkoblkk. Given the lengths ef three linee drawn from a 
point within an equilateral triangle^ to the three eomerej to find 
the side of the triangle, * 

Let A, B, C, be the three given Unite. 
With these lines construct the triangle 
DF6 ( Prop. EC); upon either of the 
sides, as FG, construct the equilateral 
triangle FGH ; join DH, and it will be 
a side of the equilateral triangle sought. 

For, on DH construct the equilateral 
triangle DHK,and join GK ; then com- . ^ 
paring the two triangles DFH It EGH, 
we see that DH and FH 6f the one are respectively equal to KH and 
GH of the other, being sides of equilateral triangles ; the angle FHG 
is equal to DHK,each being an angle of an equilateral triangle (Prop. 
T, Cor. 3) ; from each take the angle DHG, and we haVe FHD equal 
to GHK ; tiierefore the two triangles DFH and KGH are equal (Prop, 
m), and consequently GK is equal to DF. Hence the three lines GK, 

c 
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GD, GH, are reepecti^dy equal to the three DF, DG, GF, wliicsh are 
equal to the given lines A, p, C ; which prov«i DH to be the aide of 
l^e equilateral triangle aeught. 



FHOPOSITION X. 

Problem. At a given poini D, in a given line DF, to maie 
an angle equal to, a given angle B ACL . 

With any radius 
^scribe mrcs fron^ 
A & D as centres 
^Post.Hl); the first 
BC, meeting AB,^' 
AC, at B and C ; and the second FH meeting DF at F. 
With F as a centre, and a radius equal to the distance 
from B to G^ describe an arc (Post. IQ) to meet FH at G. 
The line DG being drawn, will make the angle FD6 
equal to BAG. 

This i? an application of Prop. ix» and the equality of 
the angles will follow from Prep, Ym. For, drawing lines 
j^rom B to G, and from F to 6 (Post. I), we have the three 
sides of the triangle ABG equal to the three sides of the 
triangle DF6; therefore (Prop, vm) the angle FDG >vill 
^e equal to the angle BAG. . 
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PBOPOSITIOR XI. 

Problem. To bisect a given angle ABC. 

Take any equal distances BA, BC, on 
the sides containing the angle ; and with 
A and C as centres, and any equal radii, 
describe arcs intersecting each other iit 
D ; then, BD being drawn, it will bisect 
the angle ABC. For, drawing AD, CD, 
the three sides of the triangle ABD are 
equal respectiyely to the three sides of the triangle CBD'; 
hence (Prop, vm) the angles ABD and CBD aJre equal 




PEdPoiftTioK xn. 

Pboblem. Through a given point CJ, in a given line AB» 

to draw a perpendicular. 

^ _ 

Take equal distances CD, CF, ^ 

on each side of the "given poiilt; 
and with any eJJ[ual radii, describe 
arcs (Post. Ill) meeting at G. Join 
GC (Post. I), and it will be the per- 
pendicular required. 

For, coticeive DG, FG, to be 
drawn ; then the equality of the iides of the triangles 
DGC, FGC, give the angles at C equal (Prop, yni), and 
hence GC is perpendicular to AB (Def. X). 
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PB0P08ITI01I xni. 



PROBLEM. To bisect a given straight line AB. 

With A and B as centres, with 
any convenient equal radii, describe 
arcs (Post.IH) intersecting at G und 
D. Draw CD {Post. I), and it will 
be perpendicular to AB, and will 
bisect it at. the point F. 

For, by joining AC and BC, AD and BD^ we shall 
have, two triangles CAD and CBD, with all the sides of 
the one equal respectively to all the sides of the other ; 
consequently the angle ACF is equal to BCF (Prop, vni). 
Hence since the line CF bisects the vertical angle of the 
isosceles triangle ACB, it bisects the base AB (Prop, v. 
Cor. 1), . 




PROPOSITION xrv. 

Problem. From a given point A without a given line BC, 
to draw a line perpendicular to BC. 

With A as a centre, with any 
convenient radius^ describe an arc 
(Post, III) cutting BC in the two 
points D and F ; and with D and F 
as centres, an,d with equal radii, 
describe arcs (Post. Ill) intersecting 
at G. Then AG being drawn, cut* 
ting BC at H^ will be the perpendicular required; 
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For, joining DA and FA, DO and FG, we have all the 
sides of the triangle ABG equal respectiyely to all the 
sides of the triangle AFG ; consequently the angle DAH 
is equal to to F AH (Prop, vm) ; and since AH bisects the 
vertical angle of the isosceles triangle DAF, it is per« 
pendicular to the base DF (Prop, v, Cor. 1). 

(29.) Let ABC be a triangular field, 
and S a well within it ; it is required to 
divide the field into two parts -by a line 
passing through S, so (hat the distances ^* 
AF, AG shall be equal. 

Solution, Draw the line AK, bisecting the angle BAG (Prop, xi); 
and through the point S draw GF perpendicular to AK (Prop, xiv), 
and it will be the line required. 

For, comparing the two triangles ALF, ALG, we have the angle 
LAF equal to the angle LAG by constructioB ; the angle ALF equal 
to the angle ALG,. each being a right angle ; and the side AL com- 
inon : hence we have two angles and the interjacent side of the one 
triangle equal to two angles and the interjacent side of the other ; 
consequently the triangles are equal, and AF %as AG (Prop. rv). 



PKOPOSITION XV. 

Theorem. The greater side of eoery triangle is apposite the 
greater angle; and the greater angle is opposite the 
greater side. 

In the triangle ABC, let the 
side AB be greater than the side 
AC ; then will the angle ACB 
opposite the greater side AB be 
greater than the angle ABC op- 
posite the less side. 

C2 
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For, from the greater side AB take a portion AD equal 
to the less side AG, and join CD. Now, since fhe angle 
ADC is an exterior angle in reference to the triangle CDB, 
it is greater than the interior angle ABC (Prop, vi) ; but 
since the side AD is equal to the side AC, the angle ACD 
is equal to ADC (Prop, v), and consequently the angle 
ACD is greater than ABC ; and since the angle ACD is 
only a part of the angle ACB, much more then must the 
whole angle ACB be greater than ABC. 

Again, conversely, if the angle ACB is greater than the 
angle ABC, then will the side AB, opposite the former, 
be greater than the side AC opposite the latter. 

For, if AB is not greater than AC, it must be either 
equal to it,~,or less than it. But it cannot be equal; for 
then the angle ACB would be equal to . the angle ABC 
(Prop, v), which, by supposition, is not the case. Neither 
can it be less ; for then the angle ACB would be less than 
the angle ABC, by the first part of this proposition ,• ijv^hich 
is also contrary to the supposition. Hence, since the side 
AB is neither equal to AC, nor less than it, it must of 
necessity be greater. 

PROPOSITION XVI, 

TfiEOBEM. The sum of arvg ttoo sides of a triangle is greater 

than the third side. 

In th(B triangle ABC, the sum 
of the two sides AC and BC is 
greater than the third side AB. 
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For, produce AC till CD be equal to CB, or AD equal 
to the sum of the two AC, CB : join BD, Hien because 
CB is equal to CD, the angle D is equal to CBD (Prop. v). 
But the angle ABD is greater than the angle CBD ; con- 
sequently it must be greater than D. And since the greater 
side of any triangle is opposite the greater angle (Prop, 
xv), the side AD of the triangle ABD is greater than the 
side AB. But AD is equal to the sum of AC, CD, or to 
the sum of AC, CB ; therefore. AC + CB is greater than 
AB. 

Cor. The shortest distance between two points is a 
straight line drawn from one point to the other. 

(30.) This is the celebrated proposition which the Epicureans 
derided, as being manifest even to asses. They supposed an ass would 
know that it was further around the corner of a field, than across the 
same cor&er. 

(31.) Let DB be a candlestick with 
a candle, whose flame is at B, staoiding 
perpendicularly on a plane mirror CD. 
Let A be the position of the eye at the 
height CA above the mirror. Required 
to proTe that the light, passing from the * 
dandle to the mirror, and thence to the 
eye, obeying the law of nature, that is, 
making the angle of reflection equal 
to the angle of incidence, takes the minimum route. In other words, 
prore that the sum of the two lines B6, GA is less than the sum of 
any other two lines drawn from B and A to meet in a point of the 
mirror, such as the two lipes BE, KA. 

Produce BD until DF is equal to BD, and join KF, and then as in 
(21) we can show that KF is equal to KB, so that AK 4- KB is 
equal to AK + KF; also AG + GB is equal to AG + GF, or to AF. 
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Now, by the aboye pri^osition, AF is less than AK + KF ; therefore 
AG + GB is less than AK + KB. 

The time required for the light to pass from B to A, by the reflection 
of the mirror CD, is, by the law of nature, the shortest possible. 




PKOPOSITION XVII. 

Theobem. When a line intersects tvx> parallel lines, it makes 
the altevTuUe angles equal to each other. 

Let the line FG cut the two 
parallel lines AB, CD ; then will A- 
the angle AFG be equal to the 
alternate angle DGF. 

For, if they are not equal, one of them must be greater 
than the other : let it be DGF, for instance, which is the 
greater, if possible ; and conceive the line GB to. be 
drawn, cutting off the part or angl^ FGB equal to the 
angle AFG, and meeting the line AB in the point B. 
The atigle AFG, being exterior in reference to the triangle 
GFB, is greater than the interior and opposite angle FGB 
(Prop. vi). Hence the angle AFG is greater and less than 
FGB, at the same time, which is impossible. Therefore 
the angle FGD is not unequal to the alternate angle AFG ; 
that is, they are equal to each other. 

Cor. Straight lines which are perpendicular to one of 
of two parallel lines, are also perpendicular to the other. 
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PBOPosmoN xvin. 

Theoeem. When a line^ cutting two other lineSj makes the 

altemate angles equal to each other y those tioo lines are 

parallel. 

Let the line FG, cutting the , y 

two lines AB, Cl), make the al- aT 
temate angles AFG, DGF, equal! 
to each other ; then will AB be 
parallel to CD. 

For if they are not parallel^ let some other line, as GH, 
be parallel to AB. Then, because of these parallels, the 
angle AFG is equal to the alternate angle HGF (Prop. 
XYii) ; but the angle AFG is equal to the angle DGF ; 
therefore the angle DGF is equal to the angle HGF (Ax. 
I) ; that is, k part is equal to tljie whole, which is im- 
possible. Therefore no line drawn through the point G, 
except the line CD, can be parallel to AB. 

Cor, Those lines which are perpendicular to the same 
line, are parallel to each other. 

C32.) The principle contained in the Corollary, that lines which 
are perpendicular to the same line are parallel to each other, has a 
practical application in the use of the instrument called the T-square, 
It consists of two Straight rulers fixed at 
right angles to each other, forming a sort 
of double square. A straight line being 
drawn in a direction perpendicular to that 
in which the parallels are required to be 
drawn, the cross-piece of the T-square is 
laid upon this line, and the piece at right 
angles to it gives the direction of ^e pa- 
rallels. The ruler being iboved along the 
paper, keeping the cross-piece coincident 
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with the line first drawn, any number of parallel lines may thus oe 
formed. 

By means 61 a movable JMnt, the rulers which compose this kind 
of square can be made to form any angle whatever with each other, 
which, in practice, is found to be quite convenient. To suit this more 
general case, the preceding corollary might read '* Those lines which 
make the same angle with the same line, are parallel." 




PEOPOSITION XIX. 

Pboblsm. Through a given poiid D, to draw a line parallel 

to a given line AB. "^ ~ 

Draw any line DC, meeting 
AB at G ; and with C and D as 
centres, and CD as a radius, 
describe the arcs (Post, m) DB, 
CH, the former meeting AB at B. Then with C as a 
centre, and with a radius equal to the distance from B to 
D, describe an arc to meet the arc CH at the point F« 
The line DF, heing drawn, will be parallel to AB. 

For (Prop, viii), the alternate Angles FDC, DCB are 
equal ; and therefore (Prop, xviii) the line tD is parallel 
to AB. 



PROPOSITION XX. 

Theobem. When a straight live cuts two pdralM linesy the 
exterior angle is equal to the interior and opposite ofte^on 
the same side ; and the two interior angles^ on the sairie 
sideyare together equal to two right angles. 
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Let the line F6 cut the twa 
parallel lines AB, €p ; then will 
the exterior angle FHB he equal 
to die interior and opposite angle 
HED, on the same side of the 
line FG ; €uid the two interior angles BHK, DKH, taken 
together, wiU he equal to two right angles. 

For, since the two lines AB, CD are parallel, the angle 
AHK is equal to tk^ akemate angle I^H (Prop, xyii) ; 
but the BJXgle AHK is fsqual to the opposite angle FHB 
(Prop, u) ; therefore the angle FHB is equal to the angle 
HKD(Ax. I). 

Again, because the two adjacent angles BHF, BHK 
are together equal to two right angles (Prop, i), of which 
the angle FHB has heeii shown to equal the angle HKD ; 
therefore the two angles BHK, DKH, taken together, are 
also equal to two right angles. 

Car. 1. And, conversely, if one line meet two other 
lines, malung the exterior angle equal to the interior and 
opposite one, those two lines will he parallels. 

Cor. 2. If a line, cutting two ot|ier lines, make the suni 
of the two interior angles, on the same side, less than two 
right angles, those two lines will not he parallel, and 
consequently will meet ea^h other \irhen produced. 
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PBOPOSITIOH XX.U 

Theoeem. Those lines which are paralld to the same lim^ 

are parallel to each other. 



A- 
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Let the lines AB, CD be each 
parallel to FG; then will the c 
lines AB, CD be parallel to each ^ ^ 

other. 

For, let the line HL be perpendicular to FG ; then will 
this line be also perpendicular, to both the lines AB, CD 
(Prop: xviif Cor:), and consequently the -two lines AB, 
CD are parallels (Prop. xvm» Cor.). 



PBOPOSiTzoK xzn. 



Theorem. Ifttoo angles have their sides parallel^ and lying 
in the same direction, the ttoo angles will he equal. 

Let BAC and FDG be the 
two angles, having AB parallel 
to DF, and AC parallel to DG ; 
then will the anglies be equal. 

For, produce CA, if neces- 
sary, till it meets DF in H. 

Then, since AB is parallel to DF, the angle BAC is equal 
to FHA (Prop, xx) ; and since HC is parallel to DG, the 
angle FHA is equal to FDG (Prop, xx)^ hence the angle 
BAC is equal to tEe angle FDG (Ax. I). 
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PROPOSITION xxin. 

Theorem. When (och side of a polygonal figure is produced^ 
in the same direction, the sum of all the exterior angles 
taill be equal to four right angles. 

For, if from any point in the 
same plane, straight lines be 
drawn parallel to the sides of the 
figure, the angles contained by 
the straight lines about that point 
will be equal to the exterior an- 
gles of the figure ( Prop, xxii), 
each to each, because their sides are par&Uel to the sides 
of the figure. Thus the angles a,3,c, etc. are respectively 
equal to the exterior angles A, B, C, etc; but the former 
angles are together equal to four right angles (Prop, i, 
Cor. 3) ; therefore all the exterior angles of the figure are 
together equal to four right angles. 

Scholium. This proposition must be restricted to the 
case in which the polygon is strictly convex. A convex 
polygon maybe defined to be 
one such that no side, by being 
produced in either direction, can 
divide the polygon. The polygon 
ABCDFG is not convex, since 
it may be divided by producing 
either of the sides CD or FD. This polygon is said to have 
% re-entering angle at D, 
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PEOP08ITION XXIY. 




TfiEOBEK. In aany (xmoex polygon^ the sum of all the vnterwr 
angleSf taken together^ is equal to twice tu many right 
angles as the polygon has sides ^ wanting four right angles. 

Let ABCDFG be a convex poly- 
gon. Conceive the aides to be pro- 
duced all in the same direction, 
forming exterior angled, which we 
will denote by the capital letters A^ 
B, C, etc., while their corresponding \^ 

interior angles are denoted by the small letters «, ^, c, etc» 
Now any exterior angle, together with its adjacent interior 
angle, as A + a, is equal to two right angles (Prop, i) ; 
"therefore the sum of all the interior angles, together with 
all the exterior angles, is equal to twice as many right 
angles as the polygon has sides ; but the sum of all the 
-exterior angles is equal to four right angles (Prop, xxiii) ; 
therefore the sum of all the interior angles is equal to 
twice as many right angles as the polygon has sides, 
wanting four right angles. 

Cor. 1. In any triangle, the sum of all the three angles 
is equal to two right angles. 

Cor. 2. In any quadrilateral, the sum. of all the four 
interior angles is equal to four right angles. 

(33.) In order that this proposition may hold goo3 in polygons 
having re-entering angles, as in the case of the polygon ABCDFG 
<next page), which has a re-entering angle at D, we must take, for 
,the interior angle at D, the angle which remaiins after subtracting the 
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angle CDF from four right angles ; that is, w» must consider this 
angle as exceeding two ]:ight angles. 

For, drawing CD' and FD' resp^tive- 
ly parallel to DF and DC, we shall form 
a parallelogram Ct>FD* ; and the figure 
ABCD'FG will be a convex polygon* 
having the same number of sides as. the 
original polygon. And it is moreaver 
obvious that the sum of all the interior 
angles of this convex polygon is the same as the sum of all the angles 
of the original polygon, if we consider the angjjs at B as what remains 
after takiog the angle CDF from four right angles. 

(34.) A practical application of the principle contained in this 
proposition is made by the land surveyor, as a test of the accuracy of 
his worki By means of the" courses of tke different sidte of his field, 
he can determine the magnitiKle of all the interior angles, estimated 
in degrees and minutes ^ he takes the sum s>f all these angles, and 
observes whether it is such as to correspond with the above conditions. 
If the number of sides of the field be denoted by n, then the sum of 
all the interior angles ought to be equal to ( 2 n — 4) times a right 
angle ; thus, if there are 7 sides in the field, all the angles ought to 
amount to 10 right angles, or 900**. If the field contain re-entering 
angles (33), it will be necessary to modify somewhat this meHiod. 



PROPOSITION XXV. 

Theoeem. When one side of a triangle is produced^ th€ 
exterior angle is equal to both the interior and opposit4 
angles taken together. 
Let the side AB of the. triangle 

ABC be produced, to D ; then will 

the exterior angle CBD be equal 

to the fiunl of the two interior and A- 

opposite angles A and C. 
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For, conceive BF to be drawn parallel to AC ; then 
BC, meeting the two parallel lines AG, BF, makes the 
alternate angles G and GBF equal (Prop, xvii); and 
AD, cutting the same two parallels AG, BF, makes the 
interior and exterior angles on the same side, A and FBD, 
equal to each other (Prop, zx) ; therefore, by equal addi-^ 
tions, the sum of the two angles A and G is equal to the 
sum of the angles GBF and FBD, that is, to the whole 
angle GBD (Ax, II). 

PSOPOdlTION XXVL 

ft 

TheobeM. a perpendicular is the skoarteU line that can he 
drawn from a given point to a line of indefimte length ; 
and of any other lines drawn from the same pointy those 
that are nearest the perpendicular are shorter than those 
more remote* 

If AB, AG, AD, be lines drawn 
from the given point A, to the in- 
definite line DF, of which AB is 
perpendicular ; then will the per- 
pendicular AB be less than AG, 
and AG less than AD. 

For, the angle B being right, the angle G must be acute 
(Prop, vi), and . therefore less than the angle B ; but the 
lesser side of a triangle is situated opposite the lesser 
Nangle (Prop, xv), therefore the side AB is less than the 
Side AG. 

Again, the angle AGB being acute, as before, the ad- 
jacent angle AGD will be obtuse (Prop, i) » consequently 
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the angle ADC is apute (Prop, vi), and therefore it is less 
than the angle AGD ; and since the lesser side is opposite 
the lesser angle, the side AG must be less than the side 
AD, 

Cor. A perpendicular measures the shortest distance of 
a point from a line. 



PROPOSITION XXVII. 

Theorem. The opposite angles arid sides of a paratlelogram 

are equal to each other ; arid the diagonal divides it into 

two equal triangles. 

Let ABCD be a parallelogram, ^ 

of which the diagonal is AC ; then _, 
will its opposite sides and angles 
be equal to each other, and the A* 
diagonal will divide it into tWo 
equal triangles. 

For, since the sides AB and DC are parallel, as also 

the sides AD and BC (Def. XVII), and the line AC meets 

them, therefore the alternate angles are equal (Prop, xvii), 

namely, the angle BAC to the angle DCA, and the angle 

BCA to the angle DAC ; hence the two triangles, having 

two angles of the one equal to two angles of the other, 

have also their third angles equal (Prop, xxiv. Cor. 1), 

namely, the angle B equal to the angle D, which are two 

of the opposite angles of the parallelogram. Also if to 

the equal angles BAC, DCA be added the equal angles 

DAC, BCA, the wholes will be equal (Ax. II), namely, 

the whole angle BAD to the whole angle DCB, which are 

the other two opposite angles of the parallelogram. 

D2 
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Again » since the side AC is common to the two triangles 
AGB and CAD, we have Iwo angles and the interjacent 
side of the one equal to two angles and the interjacent 
side of the other, and therefore the triangles are equal 
(Prop. ly). Therefore the side AB is equal to its opposite 
side CD, and BG equal to its opposite side DA,, and the 
whole triangle ABC equal to the whole triangle BCD. 

Cor, 1. If one angle of a parallelogram be a right angle, 
all the other three angles will also be right angles, and 
the parallelogram will be a rectangle (Def. XVIII). 

C<yr, 2. Hence, also, the sum of any two adjacent angles 
of a parallelogram is equal to two right angles.. 

PROPOSITION XXVIII.. 

Theorem* Every quadrilateraly whose opposite sides art 
equals is a parallelogram^ or has its oppositt sides paral- 
lel. 

Let ABCD be a quadrilateral, ^ — l - ' ^^/ 
having the opposite sides equal, / v^*-^"""'^ / 
namely, the side AB equal to DCy J''^^^^ ' " L 

and AD equal to BC 5 then will 
these equal sides be also parallel, and the Igure will be 
a parallelogram. 

For, let the diagonal AC be drawn ; then the triangles 
ABC, CDA, being mutually equilateral, aie also mutually 
equiangular (Prop, viii), oY have Iheir corresponding 
angles equal ; consequently the opposite sides are parallel 
(Prop, xviii), namely, the side AB parallel to DC, and AD 
parallel to BC, and the figure is a parallelogram (Def. 
XVH). 
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PROPOSITION XXIX. 

Theorem. Those lines which join the corresponding extremes 
of two equal and 'parallel lines, are themselves eq^al and 
parallel. 

Let AB, DC be two equal and n C 

parallel lines ; then will the lines 
AD^ BC, which join their corre- 
sponding extremes, be also equal ^ 
and parallel. 

For, draw the diagonal AC ; then, because AB and DC 
are parallel, the angle BAC is equal to its alternate angle 
DCA (Prop, xviik; hence the two triangles, having two 
sides and the included angle of the one equal to two sides 
and the included angle of the other, namely, the side AB 
equal to. the side GD, the side AC common, and the 
contained angle BAC equal to the contained angle DCA, 
have also, the remaining sides' and angles respectively 
equal (Prop- m) ; consequently AD is equal to BC, and 
also parallel to it (Prop., xviii). 

f 

.(35.) The principle con- 
tained it) this proposition 
has led to. the construction 
of the parallel ruler. From 
the construction, which is 
readily understood by the aid 
of the adjoining figure, it is 

obvious that AB must in every position be parallel to DC, since AB 
and DC join the corresponding extremes of the two equal and parallel 
lines. 
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DEFINITIONS. 

1. In a right-angled triangle, the side opposite the right 
angle is called the hypotkenuse ; and the other two sides: 
are called the legs^ and sometimes the hose and perp€«- 
dicular. 

2. The base of any rectilineal figure, is the side on 
which the figure is supposed to stand. 

3. The altitude 
of a triangle is the 

perpendicular 
drawn from the 

vertex to tjieoppo- AT j> B jfl^ » 

site side, or opposite side produced, considered a3 the 
base ; thus, CD is the altitude of the triangle ABC. 

4. The altitude of a parallelo- 
gram is the perpendicular between 
two opposite sides considered as 
bases ; thus, FG is the altitude of 
the parallelogram ABCD, 

5. The altitude of a trapezoid 
is the perpendicular drawn be- 
tween its two parallel sides; 
thus, FG is the altitude of the 
trapezoid ABCD. 
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6. A rectangle is said to be con* 
ttmed by its adjacent sides ; thus, 
the rectangle ABCD is contained by 
the sides AB, CD, For brevity, it is 
often referred to as the rectangle BA.AD. 




t^RbPOSITION t. 

TheoueM* Tioo parallelograms having the same hose and 

same altitude, are equivalent. 

Let the. two parallelograms ABCD, ABPG have the 
same base AB, and the same altitude \ then will they be 
equivalent. 





Since they have the same altitude, th^ir upper bases 
will be in the same line GC, parallel to the common base 
iB. Now, by the nature of parallelograms, we have BC 
equal to AD, and BF equal to. AG; we a^o kave DC 
equal GF, each being equal to AB. If each of* these equal 
lines be taken from the whole line GC, there will remain 
the line GD in the one case, equal to the line FC in the 
other (Ax. Ill); therefore the three. sides of the triangle 
ADG are equal to the three sides of the triangle BCF, 
and consequently they are equal (B. I, Prop. viii). If each 
of these equal triangles be taken from the whole space 
ABCG, there will renvain the parallelogram ABCD in the 
one ease, equal to the parallelogram ABFG in the other 
(Ax. Ill), . 
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Cor. 1. Parallelograms having the same base, and being 
situated between the same parallels, are equivalent ; for 
their altitudes will be perpendiculars between the two 
parallels, which are all equal by the definition of parallels. 

Car. 2. Parallelograms having equal bases and altitudes 
are equivalent ; for they may be so, applied as to have 
their equal bases coincide, and then by this proposition 
they will be equivalent. 

PROPOSITION II.. 

I 

Theorem. Tzoo triangles having the same base and same 

altitude^ are equivalent. 

Let the two triangles ABC, 
ABD have the same base AB, 
and the same altitude ; then 
will they be equivalent. 

Since they have the same altitude,; the line CD which 
joins their vertices will be parallel to, the common base 
AB. Drayr AF parallel to BC, and BG parallel to AD ; 
thus forming the twa parallelograms ABCF and ABGD, 
which are equivalent (B. II, Prop. i). The triangle ABC 
is oue half of the parallelogram ABCF, anti the triangle 
ABD is one half of the parallelogram ABGD (B. Ij Prop- 
xxvii) ; therefore the triangle ABC is equivalent to the 
triangle ABD^ 

Cor. 1. Triangles having the same base, and situated 
between the same parallels, are equivalent ; for the alti- 
tude is the perpendicular between the two parallels, which 
is every where equal. 
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Car. 2. Triangles having equal bases and the same 
altitude, or being situated between the same parallek, are 
equivalent. 

(36.) Problem. Ta find a triangle that shall be equivalent to a 




polygcn. 

Let ABCI^ be the given polygon* 
Draw the diagonal CF, cutting off the 
triangle CDF; through the point D, 
draw DG parallel to CF> and meeting 

AF produced; draw C6^ and the B A^ £ C^ 

polygon ABCDF wiU be equivalent to ABC6, which has one side 
less than the original polygon. 

For, the triangles CDF, C6F have the common base CF ; and they 
have the same altitude, since their vertices D and G are situated in 
the line DG which is parallel to the base CF ; therefore these triangles 
are equivalent (B, II, Prop. n). To each add the figure ABCF, and 
we shall have the polygon ABCDF equivalent to the polygon ABCG. 

For a similar reason, the triangle CAH may be substituted for the 
equivalent triangle CAB, and thus the pentagon ABCDF will be 
changed into an equivalent triangle HCG. 

tt is obvious the same process may be applied to a polygon having 
any number of sides ; each ^p lessening the number of sides by one, 
until we finally arrive at an equivalent triangle. 



PBJOPOSlflON III 

Theobem. If a partdUiagram "dnd a triangle have the same 
base and the same ultitude^ the triangle will he half the 
paralldogram. i 

Let the parallelogram ABCD, 
and the triangle* ABF, have the 
same base AB, and the same al- 
titude ; then will the triangle be 
half the parailelogram. 
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For, draw the diagonal BD of the parallelogram, di- 
viding it into two equal parts (B. I, Prop, xxvii). Now, 
•ince the triangles ABF, ABD have the same base and 
the same altitude, they are equivalent (B. II, Prop, ii) ; 
and since ABD is half the parallelogram ABCD, it follows 
that ABF ia also half the same parallelogram. 

Cor, A triangle is half the parallelogram having the 
same base, and being situated between the same parallels; 
for, being between the same parallels, they must have the 
same altitude, and by this proposition the triangle must be 
half the parallelogram. 

PROPOSITION iV. 

Theorem. A trapezoid^ or trapezium having tufo szdts 
paraliel, is tquioalent to half a parallelogram^ whose hose 
is the sum of those two 'sides^ and its altitude the per* 
pendicular distan&e between them, • 

Let ABCD be the trape* 

zoid, having the two sides 
AB and DC parallel : pro« 
diice AB until BF is equal A % B 

to DC, so that AF may be the sum of the two parallel sides; 
.also produce DC, and let the three lines CK, HB, GF 
be parallel to AD ; then will AFGD be a parallelogram 
of the same altitude with the trapezoid ABCD, having its 
base AF^ equal to the sum of the parall^^ided of the tra- 
pezoids It now remains to show that the trapezoid ABCD 
is equivalent to half the parallelogram AFGD. Since 
parallelograms of equal bases and altitudes are equivalent 
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(B, n, Prop. I, Cor. 2), we have the parallelogram DK 
equivalent to HF ; also since the figure KH is a paralle- 
logram, the triangle KBC is equal to the triangle BHC 
(B, I, Prop, xxvii) ; therefore the line BC divides the 
parallelogram AG into two equal parts, and the trapezoid 
ABCD is equivalent to half the parallelogram AG. 

PROPOSITION V. 

Theorem. The square of the mm of two lines is greater than 
the sum of their squares^ by timce the rectangle of the said 
lines ; or^ the square of a whole line is equal to the squares 
of its tvx) 'parts, together with twice the rectangle of those 
parts. 



C B 



Let the line AB be the sum of any 
two lines AC, CB ; then will the square ^ 
of AB be equal to the sum of the squares 
of AC and CB, tpgether with twice the 
rectangle AC.CB. That is,, 

AB^ = AC« + CB» + 2 AC.CB. 

For, let ABDF be the square on the sum or whole line 

AB, and ACGH the square on the part AC : produce CG 

and HG to meet the other sides at K and L. From the 

lines CK, HL, which are equal, being each equal to a side 

of the square AB or BD (B. I, Prop, xxvii), take the parts 

CG, HG, which are also equal, being the sides of the 

square AG, and there remains GK equal to GL, which 

are also equal to LD and KD, being the opposite sides of 

the parallelogram GLDE ; hence the figure KL is equi- 

E 
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lateral, and it has all its angles right (B. I, Prop, xxtii. 
Cor. 1) ; it is therefore a square on the line GL, or the 
square of its equal line GB. Also the figures FG, GB are 
equal to two rectangles under AC and CB, because HG is 
equal to AC, and GK or GL equal to CB. But the whole 
square AD is made up of four figures, namely, the two 
squares AG, GD, and the two equal rectangles FG, GB ; 
that is, the square of AB is equal to the sum of the squares 
of AC and CB, together with twice the rectangle AC. CB. 
Cor. If AC is equal to CB, we shall have AB' = 4AC'; 
that is, the square of a line is equal to four times the 
square of half the line- 

(37.) The algebraic formula (a + ft)' = a' + 2 aJ + 6', is equi- 
valent to the foregoing proposition. 
Thus, let AC = a ; CB -:^ 6 ; and consequently AB = a + 6. 
As an example in numbers, suppose^ a ?= 6 ; 6 = 4; and we find 
( 6 + 4 )• = 10* =6" + 2.6X4 + 4» =^36 + 48 + 16 = 100. 

(38.) This theorem may be generalized, so as to apply in the case 
of a line which is the sum of 
any number of parts. 

Let the line AB be equal 
to the sum of the four lines 
a, b, e, d ; then will the square 
upon AB be made up of a', 
6^, c*, d», 2 ah 2 ac, 2 ad, 
2 he, 2 hd, M cd. 

This may be extended to 
the case where AB.is coijii- 
posed of any number of parts, 
as follows, to wit : 
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TTte 9quare of the nun of any number of lines, is equal to the sum 
of their squares increased by twice the rectangle of every two. 
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( 39.) Another method of deaoting the square of the sum of any 
number of lines, is as follows : 

7^ square of the mm of any nttmber of lines tt ^qiial to the 
square of the first line^ plus twice the rectangle of the first line into 
the second ; plus the square of the second, plus twice the rectangle 
contained by the sum of the first two into the third ; plui the tquare 
of the third, plus twice the rectangle of the sum of the first three into 
the fourth ; plus the square of the fourth, and so on. 

This becomes obvious by simply inspecting the following diagram : 






c 



(a+h+c) A 



^^l) 



aJf 



J* 



a, 
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PROPOSITION VI. 

Theorem. TAe square of the differejice of tioo lines is less 
than the sum of their squares^ by tivice the rectangle of 
the said lines* 



Let AC, BG be any two lines, and 
AB their difference ; then will the 
square of AB be less than the sum of 
the squares of AC, BC, by twice the 
rectangle of AC and BC. Or, 

AB*=: AC'+BC'-2 AC . BC. 
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For, let ABDF be the square on the difference AB, and 
ACGH the square on the line AC. Produce FD to K; 
also produce DB and KG, and draw LM, making BM the 
square of the line BC. Now it is obvious that the square 
AD is less than the two squares AG, BM, by the two 
rectangles FG, DM ; but HG is equal to the one line AC, 
and FH or GK is equal to the other line BC ; consequent- 
ly the rectangle FG, contained under FH and 4IG, is 
equal to the rectangle of AC and BC. Again, GK being 
equal to CM, by adding the common part KC, the whole 
KM will be equal to the whole GC, or equal to AC ; and 
consequently the figure DM is equal to the rectangle of 
AC and BC. Hence the two figures FG, DM, are each 
rectangles of the two lines AC, BC ; and consequently 
the square of AB is less than the sum of the squares of 
AC, BC, by twice the rectangle AC.BC. 

(40.) The algebraic formula (a — ft)* = o* — 2ab -\- b*, is equi- 
valent to this proposition. 

Thus, let AC = a ; BC = ft ; and consequently AB = a — ft. 

As an example in numbers, let a = 10 ; ft = 6 ; and we find 

( 10 — 6 )« = 4' = 10« — 2.10X6 + 6« = 100 — 120 + 36 = 16. 



PROPOSITION VII. 



Theorem. The rectangle under the sum and difference of 
two lines y is equal to the differerice of the squares of those 
liTies. 
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Let AB, AC be any two unequal 
lines ; then will the difference of the 
squares of AB, AC, be equal to a 
rectangle under their sum and dif- 
ference. That is, 

AB'-AC>=(AB+AC) (AB-AC). 



For, let ABDF be the square of AB, and ACGH the 
square of AC. Produce DB till BK be equal to AC ; draw 
KL parallel to AB or FD, and produce GC both ways to 
L and M. Then the difference of the two squares AD, AG, 
is evidently the two rectangles FG, MB. But the rectan- 
gles FG, BL are equal ; for FM and BK are each equal 
to AC, and HF is equal to CB, being equal to the dif- 
ference between AB and ACjOr their equals AF and AH. 
Therefore the two rectangles FG, MB are equal to the 
two BL, BM, or to the whole MK ; and consequently MK 
is equal to the difference of the squares AD, AG. But MK 
is a rectangle contained by DK the sum of AB and AC, 
and MD the difference of AB and AC. Therefore the 
difference of the squares of AB and AC is equal to the 
rectangle under their sum and difference. 

(41.) This proposition corresponds with the following algebraic 
formula : (a + b) X (a — ft) = a* — i»^ 
Thus, let AB = a; AC = b. 
If a = 9, and ft = 3, we shall have 

(9 + 3) X (9 — 3) = 12 X6=a9«'-3«==81— 9 = 72. 
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PBOPOSITION VIII. 




Theobem. In any right-angled triangle^ the square of the 
hypothenuse is equal to the sum of the squares of the other 
tioo sides. 



Let ABC be a right-angled 
triangle, having the right angle 
C ; then will the square of the 
hypothenuse AB be equal to 
the sum of the squares of the 
other two sides AC, CB. Or, 

AB' = AC + BC. 



1> H F 

For, on AB describe the square AF, and on AC, GB, 
the squares AH, BK; then draw CM parallel to AD or 
BF, and join AL, BG, CD, CF. Now, because the line 
AC meets the two CH, CB, so as to make two righ^ttii- 
gles, these two form one straight line HB (B. I, Prop, i, 
Cor. 1) ; and because the angle GAC is equal to the angle 
DAB, being each a right angle, or the angle of a square ; 
if to each of these angles we add the common angle 
BAC, then will the whole angle or sum GAB be equal to 
the whole angle or sum CAD. But the line GA is equal 
to the line AC, and the line AB to the lin^ AD, being 
sides of the same square.; so that the two sides GA, AB, 
and their included angle GAB, are equal to the two sides 
CA, AD, and the contained angle CAD, each to each. 
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Therefore the whole triangle AGB is equal to the whole 
triangle ACD (B. I, Prop. m). But the square AH is 
double the triangle AGB, on the same base GA, and be- 
tween the same pstrallels GA, HB (B. 11, Prop, in, Cor.) : 
in like manner the parallelogram AM is double the tri- 
angle ACD, on the same base AD, and between the same 
parallels AD, CM ; and since the doubles of equal things 
are equal (Ax. YI), it follows that the square AH is equal 
to the parallelogram AM.. 

In like manner, the other square BK may be shown to 
be equal to the parallelogram BM. Consequently the two 
squares AH and BK together are equal to the two pa- 
rallelograms AM and BM together, or to the whole square 
AF. That is, the sum of the squares on the two lesser 
sides is equal to the square on the hypothenuse. 

Cor. 1. Hence the square of either of the two lesser 
sides is equal to the difference of the squares of the hy- 
pothenuse and the other side (Ax. HI) ; or equal to the 
rectangle contained by the sum and difference of the 
hypothenuse and othter side (B. 11, Prop, vii), 

Cor, 2. Hence, also, if two right-angled triangles have 
two sides of the one equal to two corresponding sides of 
the other, their third sides will be equal, and the triangles 
themselves equal. 

Cor. 3. The square on the diagonal of a square is double 
the square itself. 

Cor. 4. The 9um of the squares of the sides of a rec- 
tangle is equal to the sum of the squares of the diagonals. 
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(42.) This theorem may be demonstrated in the following manner : 

Let ABC be a right-angled triangle, right-angled 
at C ; then will the square upon the liypothenuse F B 

AB be equal to the sum of the squares upon the 
sides AC and BC. 

Upon AB construct the square ABDF, so that 
the triangle ABC may be included within it. Pro- 
duce the shorter side BC, and from the angle D 
draw to it the perpendicular DQ; which, being 
produced, draw from the angle F the line FH perpendicular to DH, 
and produce FH until it meet the longer side of the triangle at the 
point K. We have thus divided the square ABDF into five portions, 
namely, four triangles each equal to the original triangle ABC, and 
the square KCGH, the side of which is equal to KC the difference 
between AC and BC ; consequently the area of this square is 

( AC — BC )' = AC« — 2 AC . BC + BC*. [B. II, Prop, vi.] 

The area of the triangle ABC is equal to iAC'.BC ; therefore the area 
of the four triangles is equal to 2 AC.BC, which, added to the area of 
the internal square, gives AC* -f BC" for the area of the entire square 
ABDF ; but the area of this square is denoted by AB*, and therefore 
AB*=AC*-f BC». 

(43.) The following is another simple demonstration ; 



Let ABC be the right-angled tri- 
angle, having the right angle at C. 
Upon AC and BC> construct the 
squares AF and BH ; produce DF 
and GH until they meet at K ; draw 
AL and BH each perpendicular to 
AB, and join LM. 




The angles LAB and DAC are each right : taking from each the 
angle LAC, we have the remaining angles CAB and DAL equal ; the 
angles ACB and ADL are also equal, each being a right angle. We 
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also have DA equal to AC, being sides of the same square; therefore 
the two triangles ACB and ADL are equal (B. I, Prop. it). In a si- 
milar manner, it may be shown that the triangle B6M is equal to the 
triangle ACB : hence AL, AB, BM are all equal ; and since the angle 
BAL is right, the figure ALMB is a square. Again, since the sides 
KL, LM are respectively parallel to CA, AB, and lie in the same 
direction, the angle KLM is equal. to CAB (B. I, Prop, xzii) : for a 
similar reason, the angle KML is equal to CBA, and the side LM is 
equal .to the side AB ; hence the triangle LKM is equal to the triangle 
ACB (B. I, Prop. it). Now,, since the three triangles ADL, LKM, 
M6B, are each equaT to the triangle ACB, they are equal to each 
other ; consequently the square on AB is equal to the whole space 
ADKGB diminished by three times the triangle ACB. Again, the 
rectangle CFKH, contained by CF and CH, which are respectively 
equal to AC and CB, is double the triangle ACB (B. II, Prop, m) : 
hence the squares AF and BH are together also equal to the whole 
space ADKGB diminished by three times the triangle ACB, and con- 
sequently these two squares are equivalent to the square upon AB. 

(44.) The algebraic condition (/»• + ^)* = (;>"— ?■)• + ( ^pq^^ 
enables us to find numerical values for the sides of triangles which 
shall be right-angled. 

Thus, /»•-{- ^*= hypothenuse; p* — 9* and 2pq = the aides. 

If ^ = 2, and 9 = 1, we shall find 

j9» -|- g* = 5 = hypothenuse ; 

■P ^ t s= the sides ; 

2;>9 =2 4 5 

and 5*=3*-f 4*. 

Again, if /» = 3 and 9 =s 1, we find 

p«-|- 9« = 10 = hjrpothenuse ; 

2pq =65 
and 10* = 6' + 8'- The sides of this second triangle are double the 
sides of the first* 
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(45.) From this we know, that if a triangle is constructed, having 
6, 8, and 10 for its sides, it must be right-angled. This relation was 
formerly very extensively employed by carpenters, in framing by the 
old scribe rule. They referred to it under the name of "na;, eight and 
/en." When they wished to asoertain whether the angle formed by the 
meeting of two sticks of timber was a right angle, they measured from 
the angular point on the one stick 6 feet, and on the other 8 feet ; then 
if the ten-foot pole would reach across from the one point to the other, 
the angle was right. 

(46.) There is a rule used among carpenters for cutting braces, so 
as to give 17 inches in length for every 12 inches of run and rise ; 
that is, they proceed on the supposition that the diagonal of a square 
12 inches on a side, is 17 inches. Now this is a little too great ; since 
12« -h 12' = 288, while 17*= 289. Notwithstanding this small error, 
it is found, in the case of short braces, and when the timber is not 
very firm, to answer very well in practice. 

(47.) We may remark, in this place, that our algebraic formula 
(l*" + ^*/ = (l'* — ff + (2 !>?)', readily indicates that it is im- 
possible to find the diagonal of a square in a rational expression ; for, 
in the case of a square, we must have p^ — • ?' = 2^<7, or, which is 
the same thing, p^ — 2pq = 9*. Adding 9' to each side of this equa- 
tion, we have j^ — 2pq -{- q'* = 2 51*. Extracting the square root of 
each member, we find p — 9 =: q*J'ii where the right-hand member 
is irrational so long as 9 is rational. 

(48.) Problem. There are two columnar in the ruins of Persepolis, 
left standing upright : one is 64 feet above the plane^ the other 50 
feet. In a direct line between these, stands an ancient statue, the 
head of which is 97 feet from the top of the higher column, and 86 
feet from the top of the lower column. The distance from the base of 
tlie status to the base of the lower column is 76 feet. Required the 
distance between the tops of the columns 7 

Solution. Let AB, CD ( next page) represent the columns standing 
on the horizontal plane, denoted by AC ; let G denote the base, and 
F the head of the statue ; then we shall have 
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AB = 64 feet, CD = 50, BF = 97, DF = 86, and CG » 76. 





Join BD, and through B and D draw lines parallel to the horizontal 
line AC, meeting GF or GF produced at the points K and H : produce 
DH till it meets AB at L. 

DF* — DH« = FH« ; and since DH = CG, we have 
FH' = 86* — 76*, and consequently FH = 40-249 nearly. 



[First figure.] 
[Second figure.] 
[First figure.] 
[Second figure.] 



Now, FK = 40-249 + 50 — 64 = 26*249 ; 
FK = 40-249 — 50 + 64 = 54-249. 
BK» = BF« — FK* = 97* — (26 249)* ; 
BK* = BF* — FK* = 97* — (54-249)*. 
Hence BK = 93-381 nearly, or 80412 nearly. 

DL = BK + CG == 93-381 + 76 = 169-381 ; [First figure.] 
DL = BK + CG = 80-412 -f 76 = 156-412. [Second figure.] 
BD* = BL* + DL* = 14* + (169-381)*, or 14* + (156-412)*. 
Hence BD = 16996 feet nearly ; [First figure.] 

or BDsss 157 04 feet nearly. [Second figure.] 

From the ahove operation, it will he seen that this problem has two 
real and determinate answers. 

(49.) We might multiply examples under this head, to almost any 
extent desired. Indeed, the preceding theorem is regarded as the most 
fruitful one in Geometry, conducting as it does to the solution of so 
many important problems. 
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PEOPOSITION IX. 

Theorem. In any triangle, the differtTvce of the squares of 
the ttoo sides is equal to the difference of the squares of 
the segments of the base, or of the two lines or distances 
included between the extremities of the base and the per' 
pendicular. 

Let ABC be any /^ ^ 

triangle, having CD 
perpendicular to AB; 
then will the diffe- 
rence of the squares 
of AC, BC, be equal 
to the difference of the squares of AD, BD ; that is, 

AC«-BC« = AD*-BD\ 

For, since (B.III, Prop, viii) AC = AD* + DC, and 
BC = BD» + DC', the differences of these are equal ; 
that is, AC* - BC = AD« - BD*. 

Cor. The rectangle of the sum and difference of the 
two sides of any triangle, is equal to the rectangle of the 
sum and difference of the distances between the perpen- 
dicular and the two extremes of the base, or equal to the 
rectangle of the base and the difference or the sum of the 
segments, according as the perpendicular falls within or 
without the triangle. That is, 

(AC+BC) (AC-BC)=(AD+BD) (AD-BD) : 
or, (AC+BC) (AC-BC)=AB (AD-BD); [1st figure.] 
and (AC+BC) (AC-BC)=AB(AD+BD). [2d figure.] 
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(50.) M Ml iUustration, suppose tiie iengA of the lines to be as 
denoted ii^ the diagrams, we findin each triangle 17*— i(fe:i6«—(i^. 





V ^ B 



(51 .) F^om this proposition, we may readily deduce a method of 
determining the area of a triwigie when the three sides are known. 



Thus, denote (he side 
AB by &, the sidfe AC by 
Cf and t^e side BCby d. 



-A 




ITb 




By this notation, the two la^t equations on page 60 will become 
ric + dy^c^d} =r6(AD — BD); [1st figure.] 

ic + d}(e^d) =^b (AD + BD). [2d figure.] 

Hence, in the first triangle, . ^ 

AD — BD == (c -f c?) (c — <?) _ c«— d« . 

and, in the'second triangle, . 

AD-4. BD =^ (g -^ ^) tg — <^) _ £^--Mf 



AD-f-BD =-6,' 
AD — CD = d. 



[1st figure.] 
[2d figure ] 

Now since half the difference of, two quantities added to half their 
sum gives the greater, we hare, in both cases, 

~2g — + -^ == A^> t^e greater segment. 
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Again, CD = ^AC*— AD"; [B. H, Prop, vm.] 
that is, ^ 

V V 26 7 26 

Since tke difference of two squares is equal to the product of the 
sum of the two roots into their difference, we have 

CD = \/(^-|-2^c-f c'— <^) (flf-^^'-f 2 6c.:^ 

26 



I' i« i 



^ 26 :"' — — 

= n/(6-|-c-M) (6-H;->-<i) (6— c-H<) (^■6-fc-frf) 

26 

Multiplying this perpendicular by half the base, we have, for the area, 

4 ' 

or \ ^+^+^ y ^^""^ Mf ^""""^^ y -»+c-f^ ? ^ 

i 2 2 2 2 S * ' 

Hence we may find. the aiiea of a triangle, when the three sides are 
known, by this 

RULE. 

Take half the sum of the three eides, and from this half sum sub- 
tract each side separately ; then take the square root of the continued 
product of the half sum and the three remainders, and it will be the 
area. 
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PBOFOSmOlV z. 

Theobem. In any obttise^ngled triangle^ the square of the 
side subtending the obtuse cmgle is greater than the sum 
of the squares of the other two sides, by ttdce the rectangle 
of the base and the distance of the 'perpendicular from the 
obtuse angle. 

Let ABC be a triangle, obtuse- 
angled at B, and CD perpendicular 
to AB ; then will the square of AC 
be greater than the squares of AB 
and BQ, by twice the rectangle of 
AB and BD ; that is, AC»= AB»+ BC»+ 2 AB.BD. 

For, AD^= AB»+BD«+2 AB . BD, [B. H, Prop, v.] 

and AD»+CD»=AB''+BD'+CD'+2AB.BD.; [Ax. H.] 
hut AD»+CD'=AC% and BD'+CD'=iBC% [Prop.viii.] 
and therefore AC''=AB»+BC»+2 AB.BD. 

C 

( 52.) The above principle may be 
illustrated by aid of the annexed dia- 
gram : 17»=9«+10* + 2,9X6. 
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PBOPOSITION XI. 



Theorem. In any triangle, the square of the side subtending 
an acute angle is less than the sum of the squares of the 
base and the other side, by ttdce the rectangle of the base 
and the distance oftheferpendioularfrom the acute angle. 

Let ABC be a 
triangle having the 
angle A acute, and 
CD perpendicular 

to AB ; then will the A? D B AT B 

square of BC be less thaiF the squares^ of AB, AC, by 
twice the rectangle of AB, Ap. That is, 

BC''+ 2 AD. AB = AB''+AC«. 

For, BD''= AD'+AB»-2 AD. AB, [B. E, Prop, vi,] 

and BD»+'DC''=AD''+DC^+AB'-2AD.AB; [Ax. H.] 
therefore BCrrAC^+AB'-^ AD.AB. [B.II, Prop.vin.] 

(53.) This will become obvious in numbers, by the aid of the fol- ^ 
lowing diagrams : 







Thus, 10* 
10« 



21«+17« — 2.21X15; 
9«+ n«— .2. 9X15. 



B ff B 



[1st figure.] 
[2d figure.] 
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PEOPOSITION XII. 

Theoeem. In any triangle^ the doable of the square of a line 
draumfrom the vertex to the middle of the hase^ together 
with double the square of the half hase^ is equal to the sum 
of the squares of the other two sides. 

Let ABC be a triangle, and CD the 
line drawn from the vertex to the 
middle of the base AB, dividing it into 
two equal parts AD, DB ; then will the -^ ^ -^ ^ 
sum of the squares of AC, CB, be equal to twice the sum 
of the squares of CD, AD ; or, 

AC» + CB''= 2 CD' + 2^AD\ 

For, AC«=CD''+AD»+2 ADfoF, [B. H, Prop, x.] 

and BC»=CD'-f-BD''-2 AD. DP ; ' [B. H, Prop, xi.] 
hence AC*+BC»=i2 CD''+AD»+BD'= 2 CD'+ 2 AD*. 

(54.) The numerical lengths of the sides of a triangle, and of the 
line drawn from the vertex to the middle of the hase or opposite side, 
may be obtained by these algebraic formulas : 
2(r«+l) > .^ 

2CP+1)»*— 4(j>— l)r— 20H-1) = base ; 
and {p — l)r*+2(^4;l)>-— (j»— 1) = line drawn from tfie vertex to 
the middle of the base. In which we must take r^p. 

As a particular case, let /» = 2, 
r=3; and we find 20 and 40 for the 
sides, 36 for the base, and 26 for the 
line bisecting the base. If we take half 

of each, we shall have 10 and 20 for ^JJX" ^ 1^0 

the sides, 18 for the base> and 13 for 

the bisecting line, as in the annexed . ^ 

diagram. . B 5^ 

JIC«+-BC«=^2.CD*+2.AD*; 20« + 10« =?: 2.13« + 2,9\ 

F2 
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(55.) Theorem. If two concentric circles he described, then, from 
whatever point in the circumference of the one , lines be drawn to the 
extremity of any diameter of the other y the sum of their squares wilt 
always be the same. 

Let D be the common centre of the two 
circles ; then if from any point C in the 
circumference of the larger circle, lines be 
drawn to the extremities of any diameter 
of the smaller circle, the sum of the squares { 
of these lines will be constant. 

For, joining C and D, we have, by the 
above proposition, 

CA« + CB« =: 2CD' + 2AD«. 

But CD and AD are each constant, being radii of the two circles ; 
therefore CA* -f- CB* must always amount to the same constant value. 
In a similar way it may be sho^n that the sum of the squares of the 
two lines, drawn from any point in the circumference of the smaller 
circle, to the extremities of any diameter of tiie larger circle, is equal 
to the same constant quantity, namely, twice the sum of the squares 
of the two radii. 




PROPOSITION XIII. 

Theorem. In an isosceles triangle, the square of a line 
drawn from the vertex to any point in the base, together 
unth the rectangle of the segments of the base, is eqtcal to 
the square of one of the equal sides of the triangle. 

Let ABC be the isosceles triangle, 
and CD a line drawn from the vertex to 
any point D in the base ; then will the 
square of AC be equal to the square of 
CD, together with the rectangle of AD, 
MB. That is, AC*=:Cp'4-AD.DB, 

For, AC'-CD'=AF"-DF"=AD.DB ; [Prop, ix & ipi.] 
therefore AC«=CD»+AD.DB. ' [Ax. HJ 
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PROPOSITION XIV. 

Theorem. In any 'parallelogram, the two diagonals bisect 
each other ; and the sum of their squares is equal to the 
sum of the squares of all the four sides of the parallelo- 
gram. 

Let ABCD be a parallelogram, 
whose diagonals intersect each 
other at F j then will AF equal 
FC, and BF equal FD ; and the 
sum of the squares of AC and BD will be equal to the 
sum of the squares of AB, BC, CD, DA. That is, 

AF = FC, and BF = FD ; 
and AC»-|-BD«=AB»+BC''+CD«-|-DA». 

For, the triangles AFB, DFC are identical ,- since the 
two lines AC, BD, meeting the parallels AB, DC, make 
the angle BAF equal to the angle DCF, and the angle 
ABF equal to the angle CDF (B. I, Prop, xvii) : also the 
side AB is equal to the side DC (B. I, Prop, xxvii); there- 
fore those two triangles are identical (B. I, Prop, iv), and 
have their corresponding sides equal, namely, AF=FC, 
and BF=FD. 

Again^ since AC and BD are bisected at F, we have 
(B. n. Prop. XII), AD»+DC'= 2 AF"+ 2 FD% and 
AB»+BC«= 2 AF*+ 2 BF» ; hence (Ax. H), 

AB«+BC«+CD»+DA»= 4 AF*+ 4FD>=: AC«+BD'. 

[B. n. Prop. V, Cor.]. 

Cor, If AD=:DG, or the parallelogram be a rhombus, 
then AD'=AF'+FD'; hence tlie diagonals intersect at 
right angles (B. 11, Prop. vni). 
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(56.) The numerical lengths of the sides and diagonals of a paral- 
lelogram may be found by the following algebraic expressions : 

(i>+l)r*— 2(11— l)r— (/»+!)) .. 
(^1)^+ 2 ip+l)f^ip^l) 5 = <iiagonals. 

These formulae will always hold good, if we take r>/>. 

As a particular ca3% let i^=s2> 
rss3. Using these values, we 
find 10 and 20 for the sides, and 
18 and 26 for the diagonals. If 
we take the half oi each, we ^^ 
shall have 5 and 10 for the sides, W 

and 9 and 13 for the diagonals, as in the annexed figure. 

AB« + BC« + CD« + DA» = AC« + BD«. 

10«+ 5«+ 10«4- 6«= 13«+ 9" = 250. 

( 57.) This theorem may be generalized as follows : 

The squares of the diagonals of a trapezium are together less than 
the sum of the squares of the four sides, by four times the square of 
the line joining the points of bisection of the diagonals. 

Let ABCD be a trapezium, whose dia- 
gonals AC, BD are bisected in F, G : join 
FG. The sum of the squares of AC and BD 
is less than the sum of the squares of the 

four sides, by four times the square of FG. _ 

D 

Since AC the base of the triangle ABC is bisected by the line BF, 
we have ( B. II, Prop, xii) 

AB«-f BC»= 2 AF«-f 2 BF^^ and, for a similar reason, 
CD«+DA»=2AF«+2DF«; therefore 
AB«+BC«+CD«+DA«= 4 AF«+ 2 BF»+ 2 DF«. 
But 4 AF«=AC«, [B. II, Prop, v. Cor.], 

and 2 BF«+ 2 DF«= 4 BG»+ 4 FG» ; [B. II, Prop, xii], 

therefore AB»+BC«+CD»+DA«=AC»+ 4^G»-f 4FG* 

=AC«+BD«+4FG«. 
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(58.) Theorem. If^ from any point whatever ^ linee be drawn to 
thefovar eomers of a parallelogram, twice the sum of their nquaree 
will be equivalent to the sum of the squares of the diagonals, in- 
ereaaed by eight times the sqtuire of the line drawn from the given 
point to the intersection of the diagonals, 

P 

D_ 





Let lines be drawn from the point P to the corners of the parallelo- 
gram ABCD, and to the intersection F of the diagonals. Then, from 
the triangle PDB, we have (B. II, Prop, xii) 

PD« 4- PB« = 2 DF« + 2 PF« ; 
and from the triangle PAC, we have 

PA« -f PC = 2 AF» 4- 2 PF». 
Hence PA« + PB» + PC -f- PD« = 2 DF" + 2 AF* + 4 PF* ; 
consequently 2 ( PA« + PB" + PC* -f PD'') = BD* + AC* + 8 PF*. 

Cor. 1. In case the parallelogram is a rectangle, then, since. .... 
AC = BD, it follows that the sum of the squares of the four lines 
drawn from the point P to the corners of the rectangle is equivalent 
to the square of the diagonal, together with four times the square of 
the line drawn from P to its middle point. 

Cor. 2. Also, since, in the rectangle, we have DF = AF, it follows, 
from the two first equations, that the sum of the squares of the lines ' 
drawn from P to the opposite corners, is equivalent to the sum of the 
squares of the two lines drawn from the same point to the other two 
opposite corners. 

Schol. If the point P is supposed to be situated at one of the corners 
of the parallelogram, we shall, a^ in the preceding general property 
of the parallelogram, arrive at the relation already established between 
the squares of the sides and the squares of the diagonals (B. II, Prop, 
xiv). 
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(59.) Theorem. If ^ from the eeniral paint of any parallelogram, 
as a centre, a circle be described with any raditu, the mm of the 
squares of the four lines drawn from any point in the circumference , 
to the four comers of the parallelogram^ will always amount to the 
same sum. 

From 6 the centre of the parallelo- 
gram ABCD, let a circumference of a 
circle be described, having any radius ; 
also from F any point in this circum- 
, ference, let lines be drawn to the four 
corners of the parallelogram. Then, ^ 
(Art. 58), twice the sum of the squares 
of these four lines will be equal to the 

sum of the squares of the diagonals, together with eight times the 
square of the radius FG; but the diagonals and the radius always 
Vemain the same, and therefore the squares of the four lines thus drawn 
will always amount to the same sum. 
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DEFINITIONS. 

1. Any portion of the circumference of a circle is called 
an arc. 

2. The straight line joining the 
extremities of an arc is called a 
cW(2. The chord is said to subtend 
the arc. 

3. The portion of the circle in- 
cluded by an arc and its chord, is 
called a segment. 

Thus the space FGDF, included by the arc FGD and 
the chord FD, is a segment ; so also is the space included 
by the same chord and the arc FAHBD.' 

4. The portion included . between two radii and the 
intercepted arc, is called a sector. 

The space BGH is a sector. 

5. When a straight line touches the circumference in 
only one point, it is called a tangent ; and the common 
point of the line and circumference is called the point of 
wntact. 

6. One circle touches another, when their circumferences 
have only one point common. 

7. A line is inscribed in a circle, when its extremities 
are in the circumference. 
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8. An angle is inscribed in a circle, when its sides are 
inscribed. • 

9. A polygon is inscribed in 9^ circle when its sides are 
inscribed ; and under the same circumstances, the circle 
is said to circumscribe the polygon. 

Thus AB is an inscribed line, 
ABC an inscribed angle, and the 
figure ABCDF an inscribed poly- 
gon. 

10. A circle is inscribed in a 
polygon when its circumference 

touches each side, and the polygon is said to be ctreuM" 
scribed about the circle. 

11. By an angle in a segment of a circle, is to be un» 
derstood an angle whose vertex is in the arc, and whose 
sides intercept the chord of said arc ; and by an angle at 
the centre^ is meant one whose vertex is at the centre. In 
both cases, the angles are said to be subtended by the 
chords or arcs which their sides include. 

12. The circumference of a circle 
may be described by causing the 
extremity B of the line AB to revolve 
about the other extremity A, which 
remains fixed. In this revolution, wjiile 
the line AB passes over the angular 
space BAG, the extremity B passes 

over the arc BC ; and while the line passes over the 
angular space CAD, its extremity describes the arc CD; 
and so for other angles. Hence the angles at the centre 
ate measured by the arcs included between their sides. 
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PROPOSITION I. 

Theobem. If a line, draivn through or from the centre of a 
circle, bisect a chord, it will he 'perpendicular to the chord; 
tyr, if the line he perpendicular to the chord, it will bisect 
both the chord and the arc of the chord. 

Let AB be any chord in a circle, 
and CD a line drawn from the centre 
C to the chord ; then, if the chord be 
bisected at the point D, CD will be 
perpendicular to AB. 

Drawing the two radii CA, CB, and 
comparing the two triangles ACD, 
BCD, which have CA equal to CB (Def. XXffl), and CD 
common, as also AD equal to DB by hypothesis, we find 
that the three sides of the one are equal to the three sides 
of the other ; therefore the angle CD A is equal to the 
angle CDB (B. I, Prop, viii), and each of these angles 
is a right angle, and CD is perpendicular to AB (Def. X). 

Again, if CD be perpendicular to AB, then will the 
chord AB be bisected at the point D, or have AD equal to 
DB ; and the arc'AFB will be bisected at the point F, or 
have AF equal to FB. 

For, drawing CA, CB as before, we have the triangle 
CAB isosceles, and consequently the angle CAD is equal 
to CBD (B. I, Prop, v) ; we also have the angles CDA 
and CDB equal, each being a right angle (Def. X); there- 
fore the third angles of these triangles . are equal { Bi I, 
Prop. XXIV, Cor. 1), and, having the side CD common^ 

G 
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they must also have the side AD equal to the side DB 
(B. I, Prop. iv). 

Also, sjjice the angle ACF is equal to the angle BCF, 
the arc AF which measures the former is equal to the 
arc BF which measures the latter. 

Cor. Hence a line hisecting any chord at right angles, 
passes through the centre of the circle. 

(60.) By means of this proposition, we may find the centre of a 
given circle, or of a given arc of a circle. 

Let ABC be the arc of a circle : it is 
required to find its centre. 

Draw any two chords AB, BC ; bisect 
them with the perpendiculars DF and 6H; 
then will the point K, in which they in- 
tersect, be the centre sought 

For, by the corollary of the above pro- 
position, each of the perpendiculars DF and GH passes through the 
centre, and therefore the centre is at the point K. 

(61.) It is also obvious that the above operation is equivalent to 
finding the centre of a circle whose circumference will pass through 
three given points A, B, C. Hence, by this means, a circumference of 
a circle may always be made to para through any three points, not 
situated in the same straight line. 

(62.) The same method is applicable, in case it is required to de- 
scribe a circle about a triangle. 




PROPOSITION II. 



Theorem. If two circles, the one placed vnthin the other^ 
touchy the centres of the circles and the point of contact 
will he in the same straight liTie. 
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Let the two circles ABC, ADF 
touch one another internally at 
the point A ; then will A and the 
centres of those circles be all in 
the same straight line. 

Let G be the centre of the 
circle ABC, through which draw 
the diameter AGC ; then, ' if the 
centre of the Qther circle can be 
out of this line AC, let it be supposed at some other point 
H, through which draw the line GH, cutting the two 
circles in B and D : join AH. 

. Now, in the triangle AGH, the sum of the two sides 
GH, HA is greater than the third side AG ( B. I, Prop, 
xvi), or greater than its equal, the radius GB. From each 
of these take away the common part GH, and the re- 
mainder HA will be greater than the remainder HB. But 
the point H being supposed the centre of the inner circle, 
its two radii HA, HD are equal to each other ; conse- 
quently HD will also be greater than HB. 

Again, ADF being the inner circle, HD is necessarily 
less than HB ; so that HD is both greater and less than 
HB, which is absurd. To remove this absurdity, we must 
abandon the supposition which led to it, which was that 
the centre H might be out of the line AGC. Consequently 
the centre H cannot be out of the line AGC ; that is, the 
the line GH, jx)ining the centres, passes through A the 
point of contact. 
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Thborbm. If tvxi circles touch cfie another externally j the 
centres of the cirdes and the point of contact vnll be allin 
the game straight line. 

Let the two circles ABC, ADF 
touch one another externally at the 
point A ; then will the point of con- 
tact A, and the centres of the circles, 
be all in the same straight line. 

Let G be the centfe of the circle 
ABC, through which draw the dia- 
meter AGO, and produce it to meet 
the other circle at the point F. 
Then, if the centre of the other 
circle ADF can be out of the line CF, 
let it, if possible, be supposed to be 
at some other point as H ; and draw 
the lines AH, GBDH, cutting the 
two circles in B and D. 

Then, in the triangle AGH, the sum of the two sides 
AG, AH is greater than the third side GH ( B, I, Prop, 
xvi). But since G and H are the centres of the two circles, 
the two radii HA, HD are equal ; so also are the two 
radii GA, GB ; hence the sum of AG, AH is equal to the 
sum of GB, HD. We have just shown that the sum of 
AG, AH is greater than the distance GH ; consequently 
the sum of GB, HD is greater than GH, which is absurd. 
Consequently, as in the last proposition, the centre H 
^annot be out of the line FC. 
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THEosEiti. Chrrds in a circle, which are equally distant 

from the ccTttre, are equal to each other. Catwerselyi if 

chords in the same circle are equal to each other ^ they will 

he equally distant from the centre. 

Let AB, CD be any two chords 
equally distant from the centre^ H ; 
then will these two chords be equal 
to each other. 

Draw the two radii HA, HC, and 
the two perpendiculars HF, HG, 
which are the equal distances of the 
chords from the centre H. Then the two right-angled 
triangles HAF, HCG have the sides HA and HC equal 
(being radii), the side HF equal to HG, and the angle 
HF A equal to the angle HGC, each being a right angle ; 
therefore those two triangles are equal ( B. 11, Prop, viii, 
Cor. 2), and consequently AF is equal to CG. But AB is 
the double of AF, and CD the double of CG (B. HI, Prop, 
i) ; therefore AB is equal to CD (Ax. VI). 

Conversely, if the chord AB is equal to the chord CD, 
then will their distances from the centre, HF, HG, be 
equal to each other. 

For, since AB is equal to CD, we must have AF the 
half of AB equal to CG the half of CD. We also have the 
radii HA, HC equal, and the angle HFA equal to the 
angle HGC, each being a right angle ; therefore the tri- 
angle HAF is equal to the triangle HCG (B. II, Prop, viii, 
Cor. 2), and consequently HF is equal to HG. 

G2 
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PROPOSITION V. 

Theorem. A line perpendicular to a radius, at its extremity , 

is tangent to the circumference. 

Let the liae ADB be perpen- , 
dicular to the radius CD at its 
extremity ; then will AB touch the 
circumference at the point D only* 

ft ____ 

From any other point, as F, in 
the line AB, draw FGG to the 
centre, cutting the circle at the 
point G. Then because the angle 

CDF of the triangle CDF is a right angle, the angle DFC 
is acute (B. I, Prop, -xxnr, Cor. 1), and consequently less 
than the angle CDF. But the longer side is always oppo- 
site the greater angle (B. I, Prop, xv) ; therefore the side 
CF is longer than the side CD, or its equal CG. Hence 
the point F is without the circle ; and the same may be 
shown of any other point of the line .AB, except the ^int 
D. Consequently the line AB touches the circumference 
at only one point, and is therefore tangent to it. 




PROPOSITION VI. 



Theorem. When a line is tangent to the circumference of a 
circle, a radius drawn to the point of contact is perpeu' 
dicular to the tangent. 
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Let the line AB be tangent to 
the circumference of a circle at the ^ 
point D ; then will the radius CD 
be perpendicular to the tangent 
AB. 

For, the line AB being wholly 
without the circumference except 
at the point D, it follows that any 

line, as CF, drawn from the centre G to meet the line AB 
at any point different from D, must have its extremity F 
without the circumference. Hence the radius CD is the 
shortest line that can be drawn from the centre to meet 
the tangent AB, and therefore CD is perpendicular to AB 
(B. I, Prop. xxvi). 

Cor. Hence, conversely, a line drawn perpendicular to 
a tangent at the point of contact, passes through the centre 
of the circle. 

PEOPOSITION VII. 

Theorem. The angle farmed by a tangent and chard is 
measured by half the arc of that chord. 

Let AB be a tangent, and CD 
a chord drawn from the point of 
contact C ; then the angle BCD 
will be measured by half the arc 
CGD, and the angle ACD will 
be measured by half the arc CLD. 

Draw the radius FC to the 
point of contact, and the radius FG perpendicular to the 
chord CD,, meeting it at the point K. Then the radius FG, 
being perpendicular to the chord CD, bisects the arc CGD 
(B. ni. Prop, i) ; therefore CG is half the aro CGD. 
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In the triangle CFK, the angle CKF being a right 
angle, the sum of the two remaining angles CFK and 
FCK is equal to a right angle (B. I, Prop, xxiv, Cor.)f 
which is consequently equal to the right angle FCB. 
From each of these equals, take away the common angle 
FCK, and there remains the angle CFK equal to the 
angle BCD. ' But the angle CFK is measured by the are 
CG ( B. m, Def. 12), which is half of the arc CGD ; 
therefore the equal angle BCD must also be measured 
by half the arc CGD. 

Again, the line LFG, being perpendicular, to the chord 
CD, bisects the arc CLD (B. Ill, Prop, i) ; therefore the 
arc CL is half the arc CLD. Now, the line CF, meeting 
GL, makes the sum of the two angles CFG, CFL equal 
to two right angles (B. I, Prop, i), and the line CD makes 
with AB the two angles DCB, DC A together equal to two 
right angles. .If from these equals we take the equals 
CFG, DCB, we shall have the remainders CFL, DCA 
equal. Now the former of these, CFL, being an angle at 
the centre, is measured by the arc CL, which is half the 
arc CLD ; therefore the angle DCA is also measured by 
half the arc CLD. 

Cor, 1. The sum of two right angles is measured by 
half the circumference ; for the two angles BCD, ACD, 
which together make two right angles, are respectively 
measured by the arcs CG, CL, which make half the 
circumference, LG being a diameter. 

Cor, 2. Hence also one right angle must have for its 
measure a quarter of the circumference, or 90 degrees. 
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PEOPOSITION YIII. 

Theorem. An angle at the drcumference of a circU is 
measured by half the arc that subteTids it. 

Let BAG be an angle at the 
circumference : it has for its 
measure, half the arc'BG which- 
subtends it. 

For, suppose the tangent DF to 
pass through the angular point A. 
Then, the angle DAC being mea- 
sured by half the arc ABC, and the angle DAB by half 
the arc AB (B. Ill, Prop, vii), it follows that the difference 
of those angles is measured by half the difference of the 
said arcs ; that is, the angle BAG is measured by half the 
arc BG upon li^ich it stands. 

Cor. 1. All angles in the same segment of a circle, or 
standing upon the same arc, are equal to each other ; for 
each is measured by half the same arc. 

Cor. 2. An angle at the centre of a circle is double the 
angle at the circumference, when both stand on the same 
arc. For the angle at the centre is (B. Ill, Def. 12) mea- 
sured by the whole arc on which it stands, and the angle 
at the circumference is measured by half the arc on which 
it stands ; consequently the angle at the centre is double 
the angle at the circumference. 

Cor. 3. An angle in a semicircle is a right angle ; for 
it is measured by half a semicircumference, or by a qua- 
drant, which is the measure of a right angle (B. Ill, Prop. 
VII, Gor. 2), 
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Cor. 4. The sum of any two opposite angles of a qua- 
drilateral inscribed in a circle, is equal to two right angles; 
for, as each inscribed angle is measured by half the arc 
on which it stands, it follows that the two opposite angles 
of an inscribed quadrilateral, together, must be measured 
by half the entire circumference, which is the measure of 
two right angles. 

PROPOSITION IX. 

Theorem. The angle formed by a tangent to a cirde, and 
a chord drawn fiwn the point of wnJtaxi^ is equal to the 
angle in the alternate segment. 

If AB be a tangent, AC a chord, 
and D any angle in the alternate 
segment ADC ; then will the angle 
D be equal to the angle BAC made 
by the tangent and the chord of the' 
arc AFC. 

For the angle D at the circum- 
ference is measured by half the arc AFC (B. IE, Prop. 
viii), and the angle BAC made by the tangent and chord 
is also measured by half the same arc AFC (B. Ill, Prop. 
Yii) ; therefore these two angles are equal. 




PROPOSITION X. 



Theorem. If any side of a quadrilateral^ inscribed in a 
circle, be produced out, the outward angle mil be equal 
to the inward and opposite angle. 



ppv • " 
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If the side BA of the quadri- 
lateral ABCD, inscribed in a 
circle, be produced to F, the out- 
ward angle DAF will be equal to 
the inward and opposite angle C. 

For, the sum of the two adja- 
cent angles DAF and DAB is equal to two right angles 
(B. I, Prop, i), and the sum of the two opposite angles C 
and DAB is also equal to two right angles (B. IE, Prop, 
vni, Cor. 4) ; therefore the two angles DAF and DAB 
are together equal to the sum of DAB and C. From each, 
take the common angle DAB, and we have the remainders 
DAF and C equal to each other. 



PROPOSITION XI. 

Theoeem. Ally tv)o parallel chords vntercept equal arcs. 

Let the chords AB, CD be pa- 
rallel ; then will the arcs AC, BD 
be equal. 

Draw the line BC ; then, be- 
cause^B and CD are parallel, the 
alternate angles B and C are equal 
(B. I, Prop. xvii). But the angle B at the circumference is 
measured by half the arc AC (B. Ill, Prop, viii), and the 
equal angle C at the circumference is measured by half 
the arc BD ; therefore the arc AC is equal to the arc BD. 
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PBOPOSITION XII. 

Theorem. When a tangent and chord are parallel to each 

other, they intercept equal arcs. 

Let the. tangent ABC be parallel 
to the chord DF ; then will the arc 
BD equal BF. 

Draw the chord BD. Then, since 
the lines AC, DF are parallel, the 
alternate angles DBA and BDF are 
equal ( B. I, Prop. xvii). But the 
angle DBA, formed by a tangent and chord, is measured 
by half the arc BD (B. Ill, Prop, vii) ; and its equal angle 
BDF, being at the circumference, is measured by half the 
arc BF (B. in. Prop, viii) ; therefore the arc BD is equal 
to BF. 

PROPOSITION XIII. 

Theorem. The angle formed within a circle, by the inter- 
section of two chords, is measured by half the sum of the 
two intercepted arcs. 
Let the two chords AB, CD intersect 
at the point F ; then will the angle 
AFC, or its equal BFD, be measured 
by half the sum of the arcs AC and BD. 

Draw the chord AD ; then will the if 
angle AFC be equal to the sum of the ^ 

two angles FAD, FDA (B. I, Prop. xxv). The angle FAD 
is measured by half the arc DB (B. Ill, Prop, viii) ; for 
the same reason, the angle FDA is measured by half the 
arc AC. Therefore the angfle AFC, which is equal to the 
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sum of the two angles FAD, FDA, is measured by half 
the sum of the two arcs DB and AC. 

In the same way, by drawing the chord BD, it may be 
shown that the angle AFD, or its equal BFC, is measured 
by half the sum of the two arcs AD and BC. 

PROPOSITION xnr. 

Theobem. Tke angle formed, out of a circle^ by two secants, 
is measured by half the difference of the intercepted arcs. 

Let the angle F be formed by 
the two secants FAB, FCD ; this 
angle will be measured by half 
the difference of the two arcs BD 
and AC intercepted by the two 
secants. 

Draw the chord AG parallel to 
FD. Then, because the lines FD 
and AG are parallel, and BF meets them, the exterior 
angle BAG is equal to the interior and opposite angle 
BFD (B. I, Prop. xx). But the angle BAG, being at the 
circumference, is measured by half the arc BG ( B. IB, 
Prop, viii), or by half the difference of the arcs BD and 
GD ; therefore the angle BFD is also measured by half 
the difference of the arcs BD and GD. 

Again, because the chords CD and AG are parallel, the 

arc AC is equal to GD ( B. HI, Prop, xi) ; therefore the 

difference of the two arcs BD and AC is equal to the 

difference of the two BD and GD, and consequently the 

angle BFD is measured by half the difference of the arcs 

BD and AC. 

H 
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PROPOSITION XV. 

Theorem. The angle formed by two tangents is measured 
hy half the difference of the ttco intercepted arcs. 

Let FB, FD be two tangents to 
a circle at the points A, C ; then 
will the angle F be measured by 
half the difference of the two arcs 
AGC, CHA. 

Draw the chord AG parallel to 
FD. Then, because the lines AG 
and FD are parallel, and BF meets 
them, the exterior angle BAG is equal to the interior and 
opposite angle BFD (B. I, Prop. xx). But the angle BAG, 
formed by a tangent and chord, is measured by half the 
arc AKG (B. HI, Prop, vn) ; therefore the equal angle F 
will also be measured by h^lf the same arc AKG, or half 
the difference of the arcs AGC and GC, or half the dif- 
ference of the two AGC and CHA (B. Ill, Prop. xi). 




Cor. In like manner, it is proved 
that the angle F, formed by a tan- 
gent FCD and a secant FAB, is 
measured by half the difference of 
the two intercepted arcs BGC and ° 
CA. 
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PEOPOSITION XVI. 

P&OBLEM. On a given line as a chord, to describe a segment 
of a circle, capable of containing an angle of a given 
jnagnitude, 

D 

F 





Let AB be the given line, and K the given angle. 

Draw CD, bisecting AB at right angles ; also, at B, 
draw BF perpendicular to AB ; then draw BG, making 
the angle FBG equal to the given angle K (B. I, Prop. x). 

Joining GA, and comparing the two triangles GCB and 
GCA, we have GC common, and the side CB equal to CA; 
also the angle GCB equal to the angle GCA, each being a 
right angle ;. therefore GB is equal to GA (B. I, Prop. ni). 
Hence, if, with G as a centre, a circumference be de- 
scribed, passing through the point B, it will also pass 
through the point A, kad the segment AHB will be the 
one required,* 

Since the angle AGB at the centre is measured by the 
arc ALB, and the angle AHB at the circumference is 
measured by half the same arc (B. Ill, Prop. Viii), it fol- 
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lows that the angle AHB is half the angle AGB ; there- 
fore the angle AHB, inscribed in the segment AHB, is 
equal to the angle BGC, the half of BGA ; but the angle 
BGC is equal to the alternate angle FBG (B. I, Prop. 
xvii), which was made equal to the given angle K ; there- 
fore the angle AHB, in the segment AHB, is equal to the 
given angle K. 

SchoL If an angle ALB be inscribed in the other seg- 
ment of the circle, it will, with the angle AHB, be equal 
to the sum of two right angles (B. Ill, Prop, viii. Cor. 4). 
Hence, when the given angle K is a right angle, the line 
AB will be a diameter ; and when the angle K is acute, 
then will the angle ALB be obtuse. 

When the given angle K is obtuse, if we find a segment 
capable of containing the angle which remains when K 
is taken from two right angles, then will the opposite 
segment contain angles equal to the given angle K. 



PKOPOSITION XVII. 

Pkoblem. Through a given pointy to draw a tangCTit to a 

given drcumferende. 

If the given point A is situated 
in the circumference, draw the 
radius C A ; and through the point 
A draw BD perpendicular to CA, 
and it will be the tangent required 
(B. in, Prop. v). 
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If the point A is »tuated 
without the circumference, join 
AC, bisect it at F, and with F 
as a centre, and a radius equal 
to FA or FC, describe a cir- 
cumference cutting the given 
circumference at the points B 
and D. Draw AB and AD, and 
they will each be tangents as 
required. 

For, joining CB and CD, we 
know that the angles ABC, ADC are right angles, being 
inscribed in a semicircle (B. Ill, Prop, viii, Cor, 3) ; hence 
the lines AB, AD are tangent to the given circumference 
(B. m, Prop. vi). 

In this case, the two tangents are of the same length. 
For, in the two right-angled triangles ABC, ADC, we 
have AC a common hypothenuse, and the sides BC, CD 
equal, each being a radius of the same circle ; therefore 
those triangles are equal (B. 11, Prop, viii, Cor. 2). Con- 
seouently AB is equal to AD. 
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BOOK FOURTH. 



DEFINITIONS. 



1. For the doctrine of ratios and proportions, we will 
refer the student to the method explained in the,Algebra. 

2. There i^ this difference between geometrical ratios 
of magnitudes, and ratios of numbers : All numbers are 
commensurable; that is, their ratio can be accurately 
expressed : but many magnitudes are incomme7isu¥ahie ; 
that is, their ratio can be expressed only by approximation ; 
which approximation may, however, be carried to any 
extent we desire. Such is the ratio of the circumference 
of a circle to its diameter, the diagonal of a square to its 
side, etc. Hence many have deemed the arithmetical 
method not sufficiently general to apply to geometry. 
This would be a safe inference, were it necessary iitall 
cases to assign the specific ratio between the two terms 
compared. But this is not the case. Such ratios themselves 
may be unknown, indeterminate, or irrational, and still 
their equality or inequality may be a? completely de« 
termined by the arithmetical method as by the more 
lengthy method of the Greek geometers. 
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(&3.) PBOBX.KM. To find a camman tneanare of two gwen /met, 
and consequently their numerical ratio. 

Let A6 and CD be the given lines. 

From the greater AB cut off parts equal to the 
lesser line CD, as many times as possible; for 
•sample, twice, with the remainder' FB. 

From the line CD cut off parts equal to FB, as 
many times as possible ; for example, once, with 
the remainder GD. 

From the first remainder FB cut off parts equal 
to the remainder 6D, as many times as possible ; 
for example, once, with the remainder HB. 

From the second remainder GD cut off parts equal H 

to the third remainder H9, as many time^ as pos- B 

iible ; for example, twice, without a remainder. 

The last remainder HB will be a common measure of the giren lines. 

If we regard HJ^ as a unit, GD will be 2, and 

FB = FH + HB « GD+HB=.3; 
CD » CG -f GD s FB + GD » 3 + 2 » 5 ; 
AB = AF + FB = 2CD + FB = 10 + 3«13, 
Therefore the line AB is to the line CD as 13 to 5. 

If AB is taken for the unit, CD wiU be ^ ; but if CD be taken as 
the unit, AB will be V- 

If AB is i of a yard, then CD will be -j^ of i a yard, or ^ of a yard. 

Again, if CD is I of a foot, then AB will be V of | of afoot »f} 
of a foot ; and so on for other comparisons. 

(64.) As a case in which the magnitudes are incommensurable, we 
will take the following 

Problsm. Find the ratio of the diagonal of a square to its side. 
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Let ABCD be the square^ and AC 
its diagonal. 

Cutting off AF from the diagonal 
equal to AB a side of the square, we 
have the remainder CF which must be 
compared with CB. 

If we join FB, and draw FG per- 
pendicular to AC, the triangle BGF 
will be isosceles. 

For, the angle ABG ss AFG, each being a right angle ; and since 
the triangle ABF is isosceles, the angle ABF sss AFB. Therefore, 
subtracting the angle ABF from ABG, the remainder FBG will equal 
the angle BFG, found by subtracting the angle AFB from AFG. Con- 
sequently the triangle BGF is isosceles, and BG as FG ; but, since 
AC is the diagonal of a square, the angle FCG is half a right angle ; 
but CFG is a right angle, and consequently FGC is also half a right 
angle, and CG is the diagonal of a square whose side is CF. 

Hence, after CF has been taken once from CB, it remains to take 
CF from CG, that is, to compare the side of a square with its diagonal, 
which is the very question we set out with, and of course we shall 
find precisely the same difficulty in the next step of the process ; so 
that, continue as far as we please, we shall never arrive at a term in 
wh^ch there will be no remainder. Therefore there is no common 
measure of the diagonal and side of a square. 

If the side of a square be represented by 1, then arithmetically the 
diagonal will be ^2, and this value can be found only approximately. 

The student may say, that in this case, we have two numbers which 
haTe not even a unit for their common measure. I reply, that v^2 is 
not a number : it is simply an expression for a ratio; the arithmetical 
value of which can only be found approximately. 



3. Similar figures are those which have the angles of 
the one equal to the angles of the ot]^er, each to each, and 
the sides about the equal angles proportional. 
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4. The perimeter^ or cofntour of a figure, is the sum of 
all its sides, or the length of the bounding line. 

5. Two magnitudes are said to be identical^ when they: 
are equal in all their parts, and are also capable of co* 
inciding in eyery part of their extent. 

PBOFOSITION I. 

Theorem. If a line he drawn parallel to one side of a 
triangle, cutting the other ttoo sides, these sides will be 
divided into proportimud parts. 

Let DF be parallel to the side 
BC of the triangle ABC ; then 
will AD : DB : : AF : FC. 

For, draw BF and CD ; then 
the triangles DBF, FCD are 
equal to each other, because they 
have the same base DF, and are 
between the same parallels DF, BC (B. 11, Prop, i, Cor. 
1). But the two triangles ADF, BDF, on the bases AD, 
DB, have the same altitude ; and the two triangles ADF, 
CDF, on the bases AF, FC, have also the same altitude ; 
and because triangles of the same altitude are to each 
other as their bases, therefore * 

ADF : BDF ? : AD : DB ; 
ADF : CDF : : AF : FC. 
But BDF = CDF ; consequently, by equality of ratios, we 
have AD : DB : : AF : FC. 

In a similar manner, the theorem is proved when the 
sides of the triangle are cut in prolongation beyond either 
the vertex or the base, 
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Car. Hence, also, the whole lines AB, AC are pro- 
portional to their corresponding proportional segments. 



Thus, since AD : DB : : 
position AD+DB : AD 

AB : AD 

AD+DB : DB 

AB : DB 



AF : FC, we have by com- 
: AF+FC : AF, or 
: AC : AF ; and 
: AF+FC : FC, or 
: : AC : FC. 



PfiOPOSlTION II. 

Theorem. If two sides of a triangle are cut proportionally 

by a straight line, this line vnll he parallel to the third 

side. 

In the triangle ABC, let the line DF 
be drawn, so that 

AD : DB : : AF : FC ; 
then will DF be parallel to BC. 

For if DF is not parallel to BC, sup- 
pose that from the point D the line DG 
be drawn parallel to BC. Then we have 
(B. IV, Prop, i) 




AD : DB : : AG 

thesis, we have AD : DB : : AF 
must have AG : GC : : AF 

AG : AF : : GC 



GC. But, by hypo- 
FC ; therefore we 
FC, or 
FC, which is an im- 



possible result, since the antecedent of the first couplet 
is less than its consequent, while the antecedent of th^ 
second couplet is greater than its consequent. Hence the 
line drawn from D parallel to BC cannoit differ from the 
line DF \ that is, DF is parallel to BC. 
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PROPOSITION ni« 

Problem. To divide a given line AB irUo any given number 

of equal parts. 

Draw any straight line AM 
making an angle with AB, 
and upon it set off equal 
portions of any convenient 
length AC, CD, DF, FG, as 
many times as the numher' -^ -^ sa 

of parts into which the line AB is to be divided ; in the 
present case, four times. Join 6B, and draw CH, DK, FL 
parallel to GB ; and then will the line be divided at the 
points H, K, L, as required. 
For, by reason of parallels, we have (B. IV, Prop, i) 

AC : CD : DF : : AH : HK : KL ; and as 

the former are all equal, the latter will also be equal. 




PROPOSITION IV, 

Problem. To find a third proportional to two given lines 

A and B. 
Draw the two in- 
definite lines KC and 
LC, making any an- 
gle with each other. 
On CL and CK take 
OF and CG each 
equal to B, and on B A 
CK take CD equal 




96 



CLEMENTS or GEOMCTRY. 



to A ; then join DF, and through G draw GH parallel to 
DF, and GH will be a third proportional to the lines A 
and B. 

• For, since DF is parallel to GH, we have (B. IV, Prop. 
i) CD : CF : : CG : CH, or, which is the 

same thing, A : B : : B : AH. 



PEOPOSITION V, 

Problem. To find a fourth proportumaZ to three given lirtes 

A, B, G# 
Draw the two in- 
definite lines DF ,DG, 
making any angle 
with each other .Upon 
DF take DA = A, 
and DB = B ; upon 
DG take DC = C ; J^i C jf 
join AC, and through 

the point B draw BX parallel to AC. DX will be the 
fourth proportional required ; for since BX is parallel to 
AC, we have (B. IV,- Prop, i) 

DA : DB : : DC : DX ; that is, 
A : B : : C : DX. 
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PEOPOSITION VI» 

Pboblem. Through a given poiitt^^ in a given angle, to draw 
a line so that the segments comprehended between the point 
and the ttoo sides of the angle ^hall he equal. 

Let BAG be the given angle, and D 
the given point. 

Through the point D draw DE .parallel 
to AC ; make EB equal to AE, and 
through B and D draw BC, and it will 
be the line required. 

For, ED being parallel to AC, we have 

BE : EA : : BD : DC ; [B. IV, Prop, i.] 
but BE=EA, and therefore BD=DC. 




(65.) Let AB and AC be 
two roads, and 'suppose S to 
be a well of water : it is re- 
quired to pass a new road by 
S, 80 that the distance SF 
may equal SC. 

Solution. Through S draw 
SD parallel to AB ; make DC equal to DA ; draw the line CS, and 
produce it to F, and it will be the position of the required road ( B. 
IV, Prop. VI). 
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PROPOSITION VII. 

Theorem. Equiangular triangles are similar, or have their 

like sides proportumal* 





Let ABC, DFG Be two equiangular triangles, having 
the angle A equal to the angle £), the angle B equal to 
thcj angle F, and the angle C equal to the angle G ; then 
will AB : AC : : DP : DG. 

For, make DH= AB and DK=AC, and join KH ; then 
the two triangles ABC, DHK, having the two sides AB, 
AC respectively equal to DH, DK, and the contained 
angles A and D also equal, are identical, or equal in all 
respects (B. I, Prop, iii) ; hence the angle B is equal to 
the angle DHK, and the angle C is equal to the angle 
DKH. But the angles B and C are equal, respectively to 
the angles P and G by hypothesis ; therefore also the 
angles DHK and DKH are equal respectively to the angles 
P and G (Ax. I), and consequently the line HK is parallel 
to the side PG (B. I, Prop, xx. Cor. 1). 

Hence, then, in the triangle DFG, the line HK, being 
parallel to the side PG, it divides the other two sides into 
proportional parts, so that 

DH : DK : : DP : DG. [B. IV, Prop, i.] 
But DH and DK are respectively equal to AB and AC ; 
therefore also AB : AC : : DP : DG. 
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PBOPOSITION vin. 

Theobem. Tv>o triangles, which have their homologous sides 
parallel or perpendicular, are similar. 

If, in the two triangles 
ABC, DFG, the side AB 
is parallel to DF, AC pa- 
ra:llel toDG, and BC pa- 
rallel to FG, then will 
these triangles he similar. 

For, since AC, AB are 
respectively parallel to 
DG, DF, the angle at A is 
equal to the angle at D (B. I, Prop. xzii). For a similar 
reason, the angle B equals the angle F, and the angle 
C equals the angle G ; therefore the two triangles are 
similar (B. IV, Prop. vii). 

Again, in the two triangles >vC 

ABC, DFG, suppose DF to 
be perpendicular to AB, FG 
perpendicular to BC, and DG 
perpendicular to AC ; then 
will the triangle DFG he si- 
milar to the triangle ABC. 

"When the triangles are so situated that one is wholly 
within the other, produce the sides of the innermost tri- 
angle until they meet the sides of the outer triangle to 
which they are perpendicular. Then, in the quadrilateral 
AHDK, the angles AHD and AKD are each a right angle ; 
consequently the sum of the two angles HAK and HDK 
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is equal to two right angles ( B. I, Prop, xxnr, Cor. 2). 
But the sum of the two angles HDK and FDG is also 
equal to two right angles ( B. I, Prop, i ) ; therefore the 
sum of the two angles HAK, HDK is equal to the sum of 
the two angles FDG, HDK ; and taking the angle HDK 
from each of these equals, we have the angles HAK and 
FDG equal. In a similar manner it may be shown that the 
angles B and DFG are equal, also the angles C and DGF ; 
consequently these two triangles are similar. 

When one of the triangles is situated without the other, 
or partly without and partly within, we may construct a 
new triangle having its sides parallel with the sides of 
one of the given triangles, and lying wholly within the 
other ; and since this new triangle is situated wholly 
within, it must be similar to the triangle in which it is 
situated. Consequently, by the first part of this proposition, 
the triangle which has its sides parallel to the sides of 
the new triangle must also be similar to the other given 

triangle. 

(66 ) Let it be required to find 
the width AB of a river, without 
crossing it. 

Take a position C in a direct line 
with A and B ; also take any point, 
as D, near the bank of the river. 
Then, having driven stakes at A,. 
C and D, stretch a line from C to 
A, and thence to D : mark that 
point of the line which touches the 
stake at A. Remove the line, and 
exchange ends ; that is, fasten to 
the stake D the end which was 
first made fa^ a^ C, and fasten 
upon C the end D, ; then, taking 
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hold of the line at the point which was in contact with.A, stretch - 
the line so that it shall take the position CFD. The figure ADFC is 
evidently a parallelogram, since, by construction, the opposite sides 
are equal. On the line AD, take the point G in a direct line with FB. 
The two triangles FDG and BAG are similar, since the angles ABG 
and DFG are alternate in reference to the parallels BC, DF, and are 
therefore equal ( B. 1, Prop, zvn) ; also the angle AGB is equal to 
FGD, being opposite angles (B. I, Prop. ii). These two triangles^ 
having equal angles, are similar, and we have 

GD : DF : : GA : AB. [ B. IV, Prop, vn.] 

In this proportion, the first, second and third terms being known, we 
can find the fourth term, which is the distance sought. * * 

( 67.) Problem. To find tht height of a perpendicular objeety 
by means of an artificial horizon. 

An artificial horizon is a horizontal surface of any substance capable 
of reflecting light uniformly, as the surface of mercury, ink, etc. If 
soft treacle be placed in a saucer, it will form a. very good artificial 
horizon. 

Place the artificial ho- 
rizon at F, and the eye at 
D, 80 that the top of the 
object may be seen by re« 
flection in F. Measure the 
height CD of the eye, and 
the distances CF and FA ; 
then, since the triangles FCD and FAB are obviously similar, we have 

CF : CD : ; FA : AB. 

(68.) The perpendicular height of an object may be found by means 
of its shadow, by placing a stick, of known length, perpendicularly 
in the ground, and measuring the length of its shadow ; then make 
the following proportion : 

Shudow of tba-atkk : sliadov of tbe object '• : boi^bt of the Mick : beigbt of tbe object. 

THAiiEs is said to have taught the £2gyptians how to measure thQ 
height of the pyramids, by means of their shadows. 

12 
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( 69.) Problbm. Suppose AB to be a tree, 
standing on the horixontal plane AC ; it i§ 
required to find at what point it muet break, 
90 that, by falling, the top may strike the 
ground at C (See Art. 25). 

Let the height of the tree be denoted by h, 
and the distance AC by b ; then BC will equal 
^W+lf, [ B. n. Prop, vin.] 

and consequentty CD — J BC = i y/b^ + h\ 

Again, the two triangles BDF and CAB are similar, having the 
angle B common, and the angle BDF equal to the angle BAC, each 
being a right angle ( B. IV, Prop, tii) ; therefore 

BA : BC : : BD : BF, 




or 



h : y/J'-\r n* :: h y/^^-i- n' : BF. 



Consequently BF s=s 



_y + A« 



2h 



«ind AF » AB -r- BF 



A ^ + ^' -. 



h^^b^ 




( 70.) Probilkm. Suppose AC and C 
BD to represent two trees standing on 
the horizontal plane AB ; it is required j^ 
$0 find a point in this plane, situated 
an the line AB» equally distant from 
the tops C and D ( See Art. 2*2). 

Join CD, and bisect it with the per- 
pendicular FO ; then, by Art 22, 6 is -^ 
the point sought. 

This point may be found arithmetically as follows : 

Draw DK parallel to ABi^and FL perpendicular to AB. Let the 
height of the tree AC be denoted by hi, the height of the tree BD by 
As, and the distance AB by d ; then will KC ss AC — BD sshi — At. 
JFL-=i(Ai+A,). 

fiinee the sides of the twd triangles DKC, FLG are respectively 
perpendicular to each other, ^ey are similar ( B. IV, Prop, vm), 
j|b4 w^ ^979 PK : KC : : FL : LG ; or, in symbols. 
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d ihi'-ht :: k{hi+ht) : LO. 
Consequently LG =s *Izi*l; 



BG 






PROPOSITION nc. 



Theoeem. Triangles which have their sides frcfortumalt 

are equiangular. 





' In the two triangles ABC, DFG, if 

AB : DF : i AC : DG : r BC : EG, 

the two triangles will haye their corresponding angles 
equal 

For» if the triangle ABC be- not equiangular with the 
triangle DFG, suppose some other triangle having the 
tame base DF, as DFH, to be equiangular with ABC. 
But this is impossible ; for if the two triangles ABC, 
DFH were equiangular, their sides would be proportional 
( B. IV„ Prop* vii), and we should have 

AB : DF : : AC : DH ; but, by supposi- 
^on, AB : DF : : AC : DG, and therefore 

DH =: DG* We should also have 



\ 
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AB* : DF : : BC : FH ; but, by supposi- 
tion, AB : DF : : BC : FG, and therefore 
FH = FG. Hence the two triangles DFH and DFG are 
identical, since all the sides of the one are equal to all 
the sides of the other (B. I, Prop, vra) ; which is absurd, 
since their angles are unequal. Therefore the triangles 
ABC and DFG must be equiangular. 

(71.) Theorsm. The atom of the aqtuiret of the diagonals of a 
quadrilateral i» twice the nan of the $quare$ of the two lines bisecting 
the opposite sides. 

Let A6CD be a quadrilateral, 
whose sides are bisected with the 

lines FH and GK ; then will _ ^ ^^"^ r^ \ ^^ 

AC« + BD* = 2 ( FH» + GK«j. 

For, draw FG, GH, HK & KF; 
and then, since BA and BC are D H 

divided proportionally, each being halved, the line FG must be paral- 
lel to AC ( B. IV, Prop. n^. In the same way we may show that HK 
is parallel to AC, and therefore FG and HK are parallel. Furthermore 
we shall have GH and FK each parallel to BD, and therefore parallel 
to each other. Consequently the figure FGHE is a parallelogram (Def. 
XVII). 

Again,, since the sides of the triangles FAK, BAD are respectively 
parallel, they are similar, and BA : FA : : BD : FK ; and since BA 
is twice FA, it follows that BD is twice FK. In the same way, it may 
be shown that AC is twice FG. Hence 

BD« = 4FK'' =» 2FK« + 2GH«; 

AC« = 4FG* = 2FG* + 2 HK*. 

Consequently AC* + BD" = 2 ( FG« + GH* + HK* + KF*) 

= 2 ( FH* + GK*). [B. II, Prop, xnr.] 

Cor. 1. From the above demonstration, it follows, that if the pointa 
of bisection of the four sides of a trapezium be joined, we shall thusv 
form a parallelogram. 
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Cor, 2. Also the lines dravm to the middle points of the opposite 
sides of a trapezium mutually bisect each other, since they are the 
diagonals of the parallelogram mentioned in Cor. 1. 



PROPOSITION X. 

Theorem. Triangles, which have an angle in the one equal 
to an angle in the other, and the sides about these angles 
proportionalf are equiangular. 



C 





Let ABC, DFG be two triangles, having the angle A 
equal to the angle D, and the sides AB, AC proportional 
to the sides DF, DG ; then will the triangle ABC be 
equiangular with the triangle DFG. 

For, make DH equal to AB, and DK equal to AC, and 
join HK. Then the two triangles ABC, DHK, having two 
sides and the contained angle of the one equal to the two 
sides and the contained angle of the other, are equal (B. 
I, Prop. Ill), and the angle B is equal to the angle DHK, 
the angle C to the angle DKH. The sides DH, DK, being 
respectively equal to AB, AC, are proportional toDF, DG; 
therefore HK is parallel to FG ( B. IV, Prop. ii>. Con- 
sequently the angles DHK, DKH are respectively equal 
to DFG, DGF (B. I, Prop, xx) ; but the angles DHK and 
DKH have just been shown to be respectively equal to the 
angles B and C, and consequently the angles DFG and 
PGF are respectively equal to the angles B and C. 
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PROPOSITION XI. 



Theorem. Ttoo triangles having an angle in each egualj 
are to each other as the rectangles of the sides which con' 
tain the equal angles. 





Let the two triangles ABC, ADF have the angle A 
common ; then will the 

triangle ABC : triangle ADF : : AB. AC : AD, AF. 

For, joining D and C, we have, since triangles of the 
same altitude are to each other as their bases, 

triangle ABC : triangle ADC : : AB : AD, and 

triangle ADC : triangle ADF : : AC : AF. 

Multiplying together the corresponding terms of these 
proportions, and omitting the common term, triangle ADC, 
which enters into the antecedent and consequent of the 
first couplet, we have 

triangle ABC : triangle ADF : : AB.AC : AD.AF. 



»oOK rr. lOy 



PROPOSITION xn. 

Theorem, Equiangular or similar triangles are to each 
other as the squares of their homologous sides. 





Let ABC, DFG be two equiangular triangles, AB and 
DF being two like sides ; then will the triangle ABC be 
to the triangle DFG, as the square of AB is to the square 
of DF, or as AB'' to DF*. 

For, the triangles being similar, they have their like 
sides proportional (B. IV, Prop, vii), and are to each other 
as the rectangles of the like pairs of their sides (B^ IV, 
Prop. xi). Therefore, 

AB : DF : : AC : DG, 

and AB : DF : : AB : DF ; 

therefore, taking the product of the corresponding terms 
of these proportions, we have 

AB'': DF*: : AB.AC : DF.DG. But the 

triangle ABC : triangle DFG : : AB.AC : DF.DG. 

[ B. IV, Prop. XI.] 

Therefore triangle ABC : triangle DFG : : AB" : DF*. 
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PBOFOSITION XIII. 

Theorem. A line which bisects any angle of a triangle^ 
divides the opposite side into tivo segments, which are 
proportional to the two other adjacent sides. 

Let the angle ACB of the ^F 

triangle ABC he hisected hy 
the line CD, making the angle 
AGD equal to the angle DCB ; 
then will the segment AD he 
to the segment DB, as the 
side AC is to the side BC. Or, 

AD : DB : : AC : CB. 

For, let BF he drawn parallel to CD, meeting AC 
produced at the point F ; then, hecause the line BC meets 
the two parallel lines CD, FB, it makes the angle CBF 
equal to the alternate angle BCD (B.I, Prop. xvn). 
Again, hecause AF meets the two parallel lines CD, FB, 
the exterior angle ACD is equal to the interior and oppo* 
site angle CFB ( B. I, Prop. xx). Now since the angles 
BCD and ACD are equal, it follows that the angle CBF 
is equal to CFB ; therefore the triangle CBF is isosceles, 
and the side CF is equal to CB (B. I, Prop. vn). Now, in 
the triangle ABF,-since CD is parallel to BF, we have 

AD : DB : : AC < CF ; [B. IV, Prop, i.] 

or, substituting CB for its equal CF, 

AD, : DB : : AC J CB. 
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( 72.) Wtt may also show the following proposition to be true : 

Theorem. Jf the exterior angle ^ formed by producing one of the 
sides'ofa triangle , be bisected by a line which meets the opposite side 
or base produced, then vnll the sides of the triangle be to each other^ 
as the distances from the extremities of the base to the point where 
tie bisecting line meets the base produced. 

In the triangle ABC, let the '^ 

side AC be produced, forming 
the exterior angle BCD : let CF 
bisect this angle, and meet the 
base produced at F ; then will 

AC : BC : : AF : BF. A 

For, through B draw BG parallel to CF ; then will the angle .... 
CBG =s BCF (B. I, Prop, xvn), also COB =s DCF (B: I, Prop, xx) ; 
and since, by hypothesis, the angle BCF sss DCF, we must have .... 
CBG s» CGB. Therefore the triangle CBG is isosceles, and CG«bCB 
( B. I, Prop. vn). 

Again> since BG is parallel to FC, we have AC : GC : : AF : BF 
{ B. IV, Prop, i) ; and substituting BC for GC, its equal, we have 

AC : BC : : AF : BF. 




JpRDFOSiTiroN XlV. 

1*HE0EEM. If lines be drawn from the vertices of a triangle 
to Insect the opposite sides, they mil mutually trisect each 
others 

In the triangle ABC, let CD, 
AF, B6 be lines drawn from 
the vertices to bisect the oppo- 
site sides ; then will they mu- 
tually trisect each other, that 
is, DK = iCD; FK = iAF 

K 




GK = i BG. 



no 
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For, if we join DF, it will be parallel to AC ( B. IV, 
Prop, ii), and the angles KFD and KA€ will be equal, 
and also the angles EDF and KCA will be equal (B. I, 
Prop. ZYii). Moreover the angle DKF will be equal to 
AKC ( B. I, Prop, ii) ; and therefore the two triangles 
DKF and AKC, being equiangular, are similar (B. IV, 
Prop. vii). These triangles being similar, we have 

DF : AC : : DK : KC ; 

DF : AC : : FK : KA. 

But since DF is drawn bisecting the two sides BA, BC, 
it is equal to half of AC ; therefore we have DK = ^ KC, 
FK = J KA, which proves that AF and CD trisect each 
other. 

In the same way it may be shown that AF and BG, as 
well as CD and BG, trisect e^ch other, and consequently 
the three lines mutually trisect each other.' 

Cor, This proposition shows that the three lines drawn 
from the vertices of any triangle, so as to bisect the op- 
posite sides, will all pass through the same point. 

( 73.) Theorem. Ifline$ he drawn from the vertices of a triangle, 
bisecting the opposite sides, these lines toill bisect the triangle itself. 

Since CD, drawn from the vertex C, 
bisects the base AB, it will of necessity 
bisect every line parallel to this base,' 
drawn between the sides AC, BC *, con- 
sequently it must bisect the triangle itself. 
In a similar manner, it may be shown 
that AF and BG also bisect this triangle. 
Or, since the two triangles CAD, CDB 
have equal bases and the same altitude, 
they are equal ( B. II, Prop, ii, Cor. 2)."^ 
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The point K in which all these lines meet, is obviously the centre 
of gravity of the triangle. Hence the centre of gravity of a triangle 
may be found by drawing a line from any vertex to the middle of the 
opposite side, and then taking two-thirds of this line from the vertex. 



PROPOSITION XV. 



Theorem. Two similar 'polygons are composed of the same 
mtmber of similar triangles, similarly situated. 




'I ^ Y QT^ i^ 



Let ABCDF, GHKLM be two similar polygons. 

From any angle A in the polygon ABCDF, draw the 
diagonals AC, AD ; und from the angle G in the other 
polygon, homologous with A, draw the diagonals GK, GL. 

These polygons being similar, the angles ABC, GHK, 
which are homologous, are equal, and the sides AB, BC 
must also be proportional to the sides GH, HK^B. IV, 
Bef. 3). Therefore the two triangles ABC, GHK have an 
angle of the one equal to an angle of the other, and the 
sides about those angles proportional, and consequently 
these triangles are similar ; and being similar, we have . 
the angle BCA equal to the angle HKG. But since the 
polygons are similar, the angle BCD is equal to the angle 
HKL; therefore ACD, which is- the difference between 
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the angles BCD and BCA, is equal to the angle GKL, 
which is the difference between the angles HKL and HKG 
(Ax. III). 

Since the triangles ABC and 6HK are sin^ilar, we hare 

BC : HK :: AC : GK; 

and since the polygons are similar,, we have 

BC : HK : : CD : KL, 
Therefore y by equality of ratios, we have 

AC : GK : : CD : KL. 

Hence the two triangles ACD and GKL have an angle 
of the one equal to an angle of the other, and the sides 
about those angles proportional, and consequently the 
triangles are similar.. 

In the same manner it might be shown that all the 
remaining triangles are similar, whatever be the number 
of sides of the proposed polygons. Therefore two similar 
polygons are composed of the same number of similar 
triangles, similarly situated^ 

Scholium^ The converse of this proposition is also true : 
i)f ttoa polygons are composed of the same number of similar 
triangles similarly situated^ those polygons will he similar^ 

For, the similarity of the respective triangles will give 
the angles ABC=GHK, BCA=HKG, ACD=6KL, &c. 
Hence BCD=HKL ; likewise CDF=KLM, &c. Moreover 
we shall have 

AB : GH : : BC : HK : : AC : GK : : CD : KL, &c. 

Henee the two polygons have their angles equal and their 
sides proportional, and consequently they are similar^ 
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■ i PROPOSITION rvi. 

Theouem. The perimeters of similar polygons are to each 
other as their homologous sides ; and their areas art to 
each other as the squares of those sides. 




A F ft M 

First, By the nature of similar polygons, we have 

AB : GH : : BC : HK : : CD : KL, &c. 

Now the sum of these antecedents AB+BC-f-CD, &c., 
which makes the perimeter of the first polygon, is to the 
sum of their consequents GH + HK + KL, &c., which 
makes the perimeter of the second polygon, as any one 
antecedent is to its corresponding consequent, and there^ 
fore as AB is to GH. 

Secondly. Since the triangles ABC, GHK are similar, 
we have the triangle ABC : GHK : : AC" : GK* (B. IV, 
Prop, xii) ; also since the triangles ACD and GKL are 
similar, we have triangle ACD : GKL : : AC : GK* ; 
therefore, hy reason of the common ratio AC : GK', we 
have ' ABC : GHK : : ACD : GKL. 

By the same mode of reasoning, we should find 

ACD : GKL : : ADF : GLM ; and so on, 
if there were more triangles. 

From this series of equal ratios, we conclude 

K2 
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that the sum of the antecedents ABC + ACD + ADF, 

or the polygon ABCDF, 

is to the sum of the consequents GHK -f GKL + GLM» 

or the polygon GHKLM, 

as any one antecedent ABC, 

is to its corresponding consequent GHK, 

or as AB* is to GH\ 

Hence the areas of similar polygons are to each other as 
the squares of their homologous sides. 

Cor. If three similar rectilineal'figures are constructed 
on the three sides of a right-angled triangle, the figure 
on the hypothenuse will be equivalent to the sum of the 
other two ; for the three figures are to each other as the 
squares of their homologous sides, and the square of the 
hypothenuse is equivalent to the sum of the squares of 
the other two sides. 



( 74.) Probuem. Through a given point P, to draw a straight 
line PED to ctU two straight lines AB, AC given in position^ so that 
the triangle ADE thus formed may be of a given magnitude. 
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Draw PFH parallel to AB, intersecting AC at F; and upon AF 
construct the parallelogram AFHI, equal in area to the given area of 
the triangle. Make IK perpendicular to AI, and equal to FP ; and, 
from the point K to AB, apply KD =& PH ; then draw DPE, and the 
problem will be solved. 

For, supposing M to be the intersection of DE and IH, it is evident, 
because of tibie parallel lines, that the three triangles PHM, PFE and 
MDI are equiangular. Therefore, all equiangular triangles being in 
the ratio of the squares of their homologous sides ( B,IV, Prop, xn), 
and the sum of the squares of FP or IK and DI being equal to the 
square of PH or KD by construction ( B. II, Prop, tiii), it is evident 
that the sum of the triangles PFE and DMI is equal to the triangle 
PHM ( this is obvious also from B. IV, Prop, xyi. Cor.) ; to which 
equal quantities in fig. 1, add AFPMI, and we shall have ADE equal 
to AFHI. But in fig. 2, let PFE be taken from PHM, and there will 
remain EFHM :» DMI ; to each of which, adding AIME, we have 
AFHI s ADE as before. 



PROPOSITION XVII. 

Problem. On a given Utu GH homologous to a given side 
. AB of a given rectilineal figure ABCDF, to construct a 
figure similar to the grven one* 




A F G ^ , 

From one of the extremities of the line AB which ia 

homologous to GH, draw lines to all the angles of the 

figure ; draw HK, making the ftngle GHK equal to the 
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angle ABC (B. I, Prop, x) ; also draw GK, making the 
angle HGK equal to the angle BAC ; then will the tri- 
angle GHK be similar to the triangle ABC (B. FV", Prop, 
vii). In a similar manner, on GK, homologous with AC, 
construct the triangle KGL similar to the triangle ACD ; 
abo on the side GL, homologous with AD, construct the 
triangle GLM similar to the triangle ADF. Then will the 
polygon GHKLM be similar to the polygon ABCDF. 

For, these two polygons are composed of the same 
number of similar triangles similarly situated, and there- 
fore they are similar (B. IV, Prop, xv, SchoL). 

(75.) Problem. To make apofygcn similar to a given polygon, 
and having its perimeter in a given ratio to the perimeter of the 
given polygon. 



Let ABCDF be the given poly- 
gon. 

From any point eithet within or 
without the polygon, as G, draw 
lines to all the angles of the poly- 
gon. Then take GH, GK, GL, GM, 
GN, each in the same ratio to the 
corresponding lines GA, GB, GC, 
GD, GF, that the perimeter of the 
required polygon is to be to the 
perimeter of the given polygon. 
Join the points H, K, L, M, N, 
and the polygon HKLMN will be 
the polygon required. 

These polygons are evidently 
similar, for the corresponding sides 
are parallel (B. IV, Prop, ii) ; and 
since, in the triangle GAB, HK 
is parallel to AB, we have HK : AB 





GK : GB ; and as the side 
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KL is parallel to BC, we hare GK : GB : : KL : BC. Therefore, by 
equality of ratios, we have HK : KL : : AB : BC. 

In the same way it may be shown that KL : LM : : BC : CD» and 
so on for the other sides. Therefore these polygons are similar. 

(76.) Problem. To draw a complex figtere BtmUar to another 
figure, on the same or different scales y by means of rectangles. 



. 

-at 



ci 



O:^) 






Surround the given figure by a square or a rectangle of convenient 
size, and divide it by pencil lines, intersecting perpendicularly, into 
squares or rectangles, as small as may be deemed necessary. GreneraUy, 
the more irregular the contour of the figure, or the more numerous 
the sinuosities or subdivisions, the more numerous the rectangles 
should be.. 

Then draw another square or rectangle, having its sides either equal 
to the former, or greater or less in the assigned ratio, and divide this 
figure into as many squares or rectangles as there are in the original 
figure. Draw, in every, rectangle of the new figure, right lines or 
curved, to agree with what is contained in the corresponding rectangle 
of the original figure ; and this, if carefully done, will give a correct 
copy of the complex diagram proposed. 

In ornamental needle- work, the same system of copying is practised. 
The figures to be executed are usually required to be wrought on 
ooarse canvas, the threads of which form a system of squares, such as 
above described. The original object from which the copy is made, 
is delineated in proper colors on paper on which a similar system of 
squares is printed, the color occupying each square being there dis- 
tinctly expressed ; so that the needle-worker sees, at once, what color 
of silk or worsted it is necessary to make use of for each respective 
square. 
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(77.) The Proportional Compass is an instrument 
much used by artists in the reduction of pictures, 
etc. It consists of two similar and equal pieces of 
brass AB and CD, terminated at each end by steel 
points. F is a pivot, which may be adjusted so as to 
divide the length of the two legs into any required 
ratio. Whatever be the ratio of AF to FB, or of CF 
to FD, the same will be the ratio of the distance 
AC to BD, whatever may be the extent to which 
the compass is opened. 




PEOPOSITION XVIII. 

Theobem. In a right-angled triangle^ a perpendicular 
drawn from the right angle to the hypothenuse is a mean 
proportional between the segments of the hypothenuse; 
and each of the sides about the right angle is a mean 
proportion/d between the hypothenuse and adjacent seg- 
ment. 

Let ABC be a right- 
angled triangle, and CD 
a perpendicular from the 
right angle C to the hypo*- 
thenuse AB ; then will 

CD be a mean proportional between AD and DB, 
AC a mean proportional between AB and AD, and 
BC a mean proportional between AB and BD ; 
or AD : CD : : CD : DB, 

AB : AC : ; AC : AD, and 

AB : BC : : BC : BD. 
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For, the two triangles ABC, ADC, having the right 
angles at C and D equal, and the angle A common, h^ve 
their third angles equal, and are equiangular (fi. I, Prop. 
XXIV, Cor. 1). In like manner, the two triangles ABC, 
BDC, having the right angles at C and D equal, and the 
angle B common, have their third angles equal, and are 
equiangular. Hence all the three triangles ABC, ADC, 
BDC, being equiangular, will have their like sides pro- 
portional (B. IV, Prop, vii), viz. 

AD : CD 

AB : AC 



AB : BC 



CD : DB, 

AC : AD, and 



BC : BD. 



Cor. 1. Since an angle in a semicircle is a right angle 
( B. in, Prop. VIII, Cor. 3), it follows, that if, from any 
point C in a semicircumference, a perpendicular be drawn 
to the diameter AB, and the two chords CA, CB be drawn 
to the extremities of the diameter, then are CD, AC, BC 
the mean proportionals as in this proposition ; or 

CD'=AD.DB, AC»=AB.AD, and BC'=AB.BD. 
Car. 2. Hence AC : BC* : : AD : BD. 

C(yr* 3. Hence we have another demonstration of Pro- 
position VIII, Book 11. 

For, since AC'=AB.AD, and BC^AB-BD; by ad- 
dition, AC'+BC' = AB (AD+BD) = AS\ 

PROPOSITION XIX. 

Peoblem. To find a mean proportional between two given 

lines AB, BC. 
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Let them be placed 
in a^ straight line, as 
in the figure. On AC 
as a diameter, describe 
a semicircumference 
ADC ; and through the -^ 
point B draw BD per- 
pendicular to AB, meeting the semicircumference at the 
point D ; then will BD be a mean proportional to AB, BC. 
This follows immediately from B. IV, Prop, xviii, Cor. 1. 




PROPOSITION X?. 



pROBLESL To construct a rectangle equivalent to a given 
square, and having the sum of its adjacent sides equal to 
a given line. 





A. fr B 

Let C be the given square, and AB equal to the sum 
of the sides of the required rectangle. 

Upon AB as a diameter, describe the semicircumference 
ADFB ; and draw DF parallel to AB, at a distance equal 
to a side of the given square, cutting the semicircumfe- 
rence at the points D and F ; then through F draw FG 
perpendicular to AB, and AG and GB will be the sides 
of the required rectangle. 

For, FG is a mean proportional between AG and GB 
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(B. IV, Prop. XVIII, Cor. 1) ; therefore AG X GB == FG^ 
But FG is equal to a side of the given square C ; con- 
sequently AGxGB = the square C. Therefore the given 
line AB has heen divided at the point G, so that the 
rectangle of the two parts is equal to the square C. 

Schol. When, the side of the given square is greater 
than half the given line AB, the line DP, drawn as ahove 
directed, will not cut the semicircumference ; so that in 
this case the problem would be impossible. 

(78.) Problem. To find the square and higher powers of a given 
quantify or magnitude. 



M/ 



Draw the straight line AB 
of indefinite length, on which 
take the distance AC equal to 
a unit ; through the point C, 
draw CD perpendicular to AB, 
and of indefinite length. With 
A as a centre, and with a radius 
equal to the given line, describe 
an arc cutting CD at the point 
F : through A and F, draw the 
line AG, of indefinite length ; 
also draw FH perpendicular to J^ c" 
AG, HK perpendicular to AB, 

KL perpend iculju* to AG, LM perpendicular to AB, etc. ; then will 
AH equal the square 6f AF, AK will equal the cube of AF, AL will 
equal the fourth power of AF, etc. 

For, from the. manner of construction, it is obvious that tlie triangles 
ACF, AFH are right-angled and similar ; hence 

AC = I : AF : : AF : AH ; therefore AH « AF». 

Again, the triangles ACF and AHK are similar, and give 

1 : AF : : AH : AK. 




1 
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Subetituting AJP for AH, we find 

1 : AF : : AF* : AK ; therefore AK = AF». 
Compering the nmilar triangles AFC end AKL, we have 

1 : AF : : AK : AL. 

For AK sttbetitute AF», and we hare 

' 1 : AF ; : AF* : AL ; therefore AL = AF*. 
By continuing this operation, we find in succession all the different 
powers of AF ; that U, we find all the terms of the geometrical pro- 
gression 1, AF, AF*, AF«, AF*, AF», &c. 

( 79.) When the given magnitude is less than a unit, we may use 
the following construction ; 

Draw the straight line AB 
of indefinite length; take 
AC equal to the given mag* 
nitude, and through C draw 
CD at right angles to AB,of 
indefinite length. Then with 
A as a centre, and whh a radius equal to a unH, describe an arc cut- 
ting CD at the point F : through F draw the line AG, of indefinite 
length ; also draw CH perpendicular to AG, HK perpendicular to AB» 
KL perpendicular to AG, etc. ; then will AH equal the square of AC, 
AK will equal the cube of AC, AL will equal the fourth power of 
AC, etc. 

For, comparing the triangles ACF, ACH, which are similar, we 
have AF = 1 : AC : : AC : AH; therefore AH « AC*. 

Again, comparing the triangles ACF, AHK, we have 

1 : AC : : AH : AK. 
Substituting AC* for AH, we have 

1 : AC : : AC* : AK ; consequently AK =» AC*. 

And by a similar process we can find the higher powers of AC ; 
that is, we can find all the terms of the geometrical progression 

1, AC, AC*, AC,*, AC*, &c. 

In this case, these terms form a decreasing geometrical progression ; 
while, in the first case, the terms form an increasing geometrical 
progression. 
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PROPOSITION XXI. 

Theorem. Jjf, frtm, the same 'point vnthout a circle^ a tan- 
gent and secant line he dravmy the tangent will be a mean 
, proportional between the secant and its external segment. 

From the point B, let the tangent 
BA, and the secant BC, be drawn ; 
then will BC : BA : : BA : BD, 
or BA* = BC.BD. 

For, drawing AD and AC, the 
triangles ABD and ABC will have 
the angle at B common ; the angle 
ACB has for its measure half the 
arc AD (B. HI, Prop, viii); the angle BAD also has for its 
measure half the arc AD (B. HI, Prop, ix) ; therefore the 
two triangles are similar, and we have 

BC : BA : : BA : BD, 
which immediately gives BA" = BC.BD. 

(80.) P&OBLXM. In a given atraighi line AB^ required to find a 
paint from which the angle subtended by another given line CD may 
be the greatest possible. 

Degcribe the circle 
CDF so as to pass through 
the points C and D, and 
touch the line AB at F ; 
then F yrlU be the point 
sought. 

For, drawing CF and 
DF, the angle CFD will 
be measured by half the 
arc CD. But if we take 
the point G at the right 
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of F, the angle C6D will be measured by half the difference of tlie 
arcs included between its sides ( B. Ill, Prop, xiv) ; therefore the 
angle CGP is less than the angle CFD. In the same way, if we take a 
point H on the left of F, we can show that the angle CHD is also less 
than CFD. Consequently the angle CFD is the greatest angle which 
the line CD can subtend from any point in the straight line AB. 

We will now show how the point F can be found without the aid 
of the circle. If CD be produced to meet AB at A, we shall have AC 
a secant line, and AF a tangent ; consequently AF is a mean pro- 
portional between AC and AD (B. IV, Prop. xxi). Hence the distance 
AF may be found, when the lines AC, AD are given, by the aid of 
B. IV, Prop. XIX. ^ 

Bemark, So long as the points A, D and C remain the same, the 
distance AF will be constant, whatever angle the line BA may make 
with the line AC. 

The above problem is equivalent to the following : 

Through any two points itts C and D, to describe the circumference 
of a circle which shall touch a given line, as the line AB. 

From what has already been done, it is obvious we may find the 
centre of the required circle by the following simple method : 

Join C and D, and produce CD 
beyond the line AB until the part 
AF is equal to AD. On CF describe 
the semicircumference CGF, and 
from A draw AG perpendicular to 
CF, meeting the circumference at 
G ; then with A as a centre, and 
with AG as a radius, describe an 
arc cutting the givei^ line AB at H. 
Through H, perpencUciilar to AB, 
draw HL ; also through K the mid- 
dle of CD, draw KL perpendicular 

to CD ; then will L be the centre of the circle required, and JLH its 
radius. 

For, by construction, AG is a mean proportional between AC and 
AF, or between AC and AD ; but AH is equal to AG, and therefore 
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AH is a mean proportional between AC and AD, which corresponds 
with the first solution, so that H is the point soaght. 

(81.) It has been found by direct measurement, upon the surface 
of tranquil waters, and other leyel extended portions of the earth, that 
a tangent line deviates from the curved surface of the earth by 8 inches 
in the distance of one mile. How may the diameter of the earth be 
found from this simple fact ? 

Suppose AB to be a tangent to the 

surface of the earth, one mile in length ; 

and suppose BC to be its deviation from 

the surface of the earth. Then we shall 

have AB«= BCXBD [B. IV, Prop, xxi], 

AB* 
and BD = ^577. Substituting 1 mile 

for AB, and 8 inches s= ,^^^ of a mile 
for BC, we find 

BD S5SS 1 -2- -^-^ =3 7920 miles, which may be taken 
for the earth's diameter, since the difference BC is only 8 inches. 

(82.) Problem. From a gwen height above the surface of the 
earth, to find at what distance an object can be seen vohen in the 
Jiorizon. 



Let AD the diameter of the earth be 
denoted by D, AB the height above the 
surface of the earth by ft, and BC the 
distance sought by d. Then, since BC is 
a tangent and BD a secant, we have 

BC* = BAXBD; [B.IV, Prop.xxi.] 

or, in symbols. 




Consequently d = -/AD + ft* = y/hD X 

L2 




^+s- 



IS6 xuBM BHTfl or OBOMCrmT. 

The friction -. it exceedingly small, and may, without any appreciable 

error, be omitted ; by which means, we have 

d^ y/hD. 
Now, if d and D are taken in miles and h in feet, we moat hare 
h feet ^ yJL* miles ; so that if we consider the diameter of the earth 

V S V V 

to be 7920 miies» our expression will become 



n/s 



5^0 X 7920- ^^A«^/A + i*. 



Benee, if we increase the height (eitimated in feet} by Us half, 
and extract the square root^ we shall obtain the distance in miles to 
which am sbfeet can be seen im the horixan. 

The above equation readQy gives h as |<2*. 

Hence, ifufc knew the distance to a pdint in the hori9sn,in miles, 
we may find our height, in feet, by taking two-thirds of the square 
rf this distance. 

As an example, suppose the eye of an observer is 6 feet above the 
furface of the earth, to what distance can he see ? 
, To 6 adding its half, we have 9 ; extracting the square root of 9, 
we find 3 for the number of nules seen. 

As a second example. At what height must the eye of an observer 
be placed, so as to see just 10 miles ? 

Squaring 10, we have 100 ; taking two-thirds of this, we find 66| 
for the number of feet required. 

( 83.) It has already been remarked, that the error committed by 

neglecting the fraction ^ is inappreciable. But we have neglected 

another cause which materially affects the accuracy of our results ; 
that is, the refraction of light, which always causes bodies to appear 
more elevated than they really are. 
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PROPOSITION XXU. 





Problem. To construct a rectangleihat shall be equivalent 
to a given square, having the difference of its adjacent 
sides eqtLol to a given line. 



Let C be the given 
square, and AB equal 
to the difierence of the 
sides of the required 
rectangle. 



Upon AB describe the circumference ADBF ; and 
through A draw perpendicular to AB the line AG, equal 
to a side of the given square C. Through the point G and 
the centre H draw the secant GF, cutting the circum- 
ference at D ;, then will GF and GD be the sides of the 
required rectangle. 

The difference of these lines is equal to the diameter 
DF or AB ; also GF X GD = AG*. But AG is equal to 
a side of the griven square ; therefore 

GF X GD = the square C, 



PROPOSITION XXIII. 



Froblsm. To divide a given line into two parts, such that 
the greater part shall be a mean proportional between the 
whole line and the other part* 
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Let AB be the given line. 

At the extremity B draw 
BC at right angles to AB, 
and equal to half the line 
AB ; from the point C as a 
centre, with the radius CB, 
describe the circle DBF ; 

draw AC, cutting the circumference at D and F ; then 
take AG equal to AD. The line AB will be divided at the 
point G in the manner required ; that is, we shall have 

AB : AG : : AG : GB. 

For, AB being perpendicular to the radius CB at its 
extremity B, is a tangent, and AF is a secant ; hence we 
have AF : AB : : AB : AD ; [B. IV, Prop, xxi.] 

consequently AF— AB : AB : : AB— AD : AD. 
Now, since the radius is half of AB, the diameter DF is 
equal to AB ; consequently AF — .AB = AD = AG; 
AB — AD = GB, and therefore we have 

AG : AB : : GB : AG ; or, exchanging 

the means for the extremes, we finally obtain 

AB : AG : ; AG : GB. 

Scholium. This sort of division of the line AB is called 
division in extreme and mean ratio. It may be observed, 
that the secant AF is also divided in extreme and mean 
ratio; for, since AB = DF, the proportion 

AF : AB : : AB : AD, 

becomes AF : DF : : DF : AD. 
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Theoeem. The segments of two chords, which intersect each 
other in a circle, are reciprocally' proportio7iaI. 

Let the chords AB and CD ^ ^^jr- 

intersect at F ; then will 

AF : DF : : FC : FB. 




Draw AC and BD. In the tri- 
angles AFC, DBF, the angles 
at F are equal, being vertical ; 
the angle at A is equal to the 
angle at D, because each is measured by half the arc BC 
(B. ni, Prop, viii) ; for a similar reason, the angle at C is 
equal to the angle at B. Therefore the two triangles AFC, 
DBF are similar, and we have 

AF : DF : : FC : FB. 

Cor, If we take the products of the means and extremes 
of the above proportion, we shall have 

AF.FB = DF.FC; 
that is, the rectangle of the two segments of the one chord 
is equal to the rectangle of the two segments of the other 
chord. 

PROPOSITION XXV. 

Theorem. If, from the same point without a circle, two 
secants he drawn terminating in the concave arc, the whole 
secants vnll he reciprocally proportional to their external 
segments. 



130 



El^USim or OSOMSTRT. 



1 



Let the secants FB, FC be drawn 
from the point F ; then will 

FB : FC : : FD : FA. 

For, drawing AC, BD, the triangles 
FAC, FBD have the angle at F com- 
mon, and the angle at C equal to the 
angle at B, since each is measured 
by half the arc AD (B. Ill, Prop, viii); 
therefore these triangles are similar, and we have 

FB : FC : : FD : FA. 




Cor. If we take the products of the means and extremes 
of the above proportion, we shall have 

FB.FA = FCFD. 



PROPOSITION XXVI. 

Theorem. If either angle of a triangle is bisected by a line 
terminating in the opposite side, the rectangle of the sides 
indtiding the bisected angle is equal- to the square of the 
bisecting line, together with the rectangle contained by 
the segments of the third side. 

Let AD bisect the angle A : 
then will 

ABxAC = AD' + BDxDC. 

Describe a circumference 
through the three points B, 
A, C ; produce AD till • it 
meets this circumference at 
F, and join CF. 
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The triangle BAD is similar to the triangle FAC ; for, 
by hypothesis, the angle BAD == FAC ; also the angle 
B = F, each being measured by half the arc AC. Hence 
these triangles are similar, and we have 

BA : AF : : AD : AC ; which gives 
BA X AC = AF X AD ; 
or, using AD + DF for AF, we have 

BA X AC = AD» + AD X DF. 
But AD X DF == BD X DC [ B. IV, Prop, xxiv. Cor.] ; 

therefore we finally obtain • 

BA X AC = AD'' + BD X DC. 



PROPOSITION XXVII. 

Thborem. In every triangle^ the rectangle contained hy any 
two sides is equal to the rectangle contained hy the dia^ 
meter of the circumscribing drde^ and the perpendicular 
drawn to the third side from the opposite angle. 

In the triangle ABC, let 
AD be drawn perpendicular 
to BC, and let CF be the 
diameter of the circumscribed 
circle ; then will 




AB X AC = AD X CF. 

For, joining AF, the tri- 
angles ABD, AFC are right- 
angled, the one at D, the 

other at A ; also the angle B = F, each being measured 
by half the arc AC (B. HI, Prop. viii). Hence the triangles 
are similar, and we have AB : CF : : AD : AC ; con- 
sequently, AB X AC = AD X CF. 
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PROPOSITION XXVIII. 

Theorem. If a point be taken on the radius of a circle^ and 
this radius be theti produced, and a second point he taken 
on it without the circumference, these points being so 
situated that the radius of the circle shall be a mean 
proportional between their distances from the centre, then, 
if lines be drawn from these points to any points of the 
circumference, the ratio of such lines unll be constant. 

Let D be the point within 
the circumference, and F 
the point without ; then, if 

CD : CA : : CA : CF, 
the ratio of FG to GD will 
be the same for all positions 
of the point G. 

For, by hypothesis, CD : 
stituting CG for CA, CD : 




CA 
CG 



CA : CF, or sub- 
CG : CF; hence 



the triangles CDG and CFG have each an equal angle C 
contained by proportional sides,, and are therefore similar 
(B. IV, Prop, x), and the third side GD is to the third side 
GF as CD to CG dr CA. But, by division, the proportion 

CD : CA : : CA : CF gives 
CD : CA : : CA - CD : CF ~ CA, or 
CD : CA : : AD ; AF ; therefore, 
GD : GF : : AD : AF ; and since the 
ratio of AD to AF is constant, it follows that the ratio of 
GD to GF is also constant. 



r 
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1. Any polygonal figure is said to be equilateral^ when 
all its sides are equal ; and it is equiangular, when all its 
angles are equal. 

2. Two polygons are said to be muttcally equilatertd, 
when their corresponding sides, taken in the same order^ 
are equal. When this is the case with the corresponding 
angles, the polygons are said to be mutually equiangular. 

3. A regular polygon has all its fiides and tdl its angles 
equal. If all the sides and all the angles are not equal, the 
polygon is irregular. 

4. A regular polygon may have any number of sides 
not less than three. The equilateral triangle (Def. XV) is 
a regukr polygon of three sides. The square (Def. XIX) 
is also a regular polygon of four sides. 



M 
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PROPOSITION I. 



Theobem. Two rtgular polygons of the same mimher of 

sides f are similar figures. 







Suppose we have, for example, the two regular hexa* 
gons ABCDF6, abcdfg ; then will these two polygons be 
similar figures^ 

For, the sum of all the angles is the same in the one as 
the other (B. I, Prop. xxit). In this case the sum of all 
the angles is eight right angles ; the angles are therefore 
each equal to one-sixth of eight right angles, and hence 
the two polygons are equiangular. 

Again, since AB, BG, CD, etc. are equal, and a5, he, 
cd, etc. are also equal, we have 

AB : ah :z BC : be : : CD : cd. etc. It therefore 
follows that two regular polygons of the same number of 
sides have equal angles, and the sides about those equal 
angles proportional ; consequently they are similar (B» IV, 
Def. 3). 
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Cor. The perimeters of two regular polygons haying 
the same number of sides, are to each other as their 
homologous sides ; and their areas are to each other as 
the squares of those sides (B. IV, Prop. xvi). 

(84.) It has been shown (B. I, Prop, xxiv), that ^e sum of all 
the interior angles of a polygon is found by multxplying two right 
angles, qk 180", by % number which is two leas than the number of 
sides of the polygon ; or, if A denote the number of sides, then the 
•urn of aU the angles wiU be (it— 2)189^. But, since all the angles of 
a regular polygon are equalj the magnitude of one of these angles may 
be found by dividing the sum of all by the number of angles, or, which 
is the same, by the number of ndes in the polygon; therefore each 

angle is equal to -.180*, or 180»— --—. 

li • n ■ 

From this formula, the angles of regular polygons, from the equi- 
lateral triangle upwards, have been calculated as in the following 
table : 



No. of sides. 


3 

60° 


4 





6 


7 


8 


9 


10 


11 


12 
160« 


Mag. of angle. 


108O 


120<> 


1284® 


1350 


140® 


144° 


147^0 



( 85.) The expresabn for the angle of a regular polygon, which is 

360^ 

, shows that no polygon can have an^es consisting of a 



ISQo — 



n 



whole number of degrees, unless the number of sides is an exact 
divisor of 360. Now the divisors of 360 are 1, 2, 3, 4, 5, 6, 8, 9, 10, 
12, 15, 18, 20, 24, 30, 36, 40, 45, 60, 72, 90, 120, 180, 360 (see Higher 
ArUbmetic), Excluding 1 and 2, which evidently cannot give poly- 
gons, since a polygon cannot have less than 3 sides, we have twenty- 
two divisors left ; therefore there are only twenty-two regular polygons, 
whose angles are expressed by a whole number of degrees. Had the 
French method of dividing the circumference into 400 degrees been 
adopted* the number of regular polygons, baring an integral number 
of degrees in each angle, would have been only thirteen. 
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( 88.) In oraunental trchitectore, po^rgons are us^ in the fotiaa- 
Uon of surfacM produced by the juxtaposition of solid blocks, as in 
flooring, paving, or by their superposition as in masonry. The polygon? 
used in such cases must al^'ays be such as will admit of being put 
together without leaving open spaces between them. If they be laid 
together, as is sometimes the case, leaving the vertices of their angles 
coincident, then no regular figures can be used, except those whose 
angles are of such a magnitude as will exactly fill the space surround- 
ing a point It is evident that the equilateral triangle and square will 
Ailfil this condition, since six angles of an equilateral triangle, and 
four of a square, make up exactly 390^ ; thus the point 0, in the first 
figure, is surrounded by six equilateral triangles, and in the second 
figure it is surrounded by four squares. 




g 

■ 

_ 



In general, the condition necessary to be fulfilled is that. 



360® 



180* should be a divisor of 360** without a remainder : or 

n * * 

dividing both terms of this expression by 160*, the condition^ will be 

that 1 shall be a divisor of 2. The only whole numbers for n 

which wiU fulfil this condition, are 3, 4 and 6 ; hence it follows that 
a surface cannot be completely covered by any regular figures except 
the equilateral triangle, the square, and the hexagon. 

The angles of the hexagon being 120®, three of them will fill the 
space round a point, as here represented. 



■* ■ • 
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In the formation of pavementKit is an object to avoid the combina* 
tion of a great number of angles at the same point ; the strength of 
the surface being weakened thereby, and the liability to fracture in- 
creased. The combination of equilateral trikngles is objectionable on 
these grounds ; and even the combination of squares is usually avoided, 
by causing the angles at which each pair of adjacent sides are united 
to coincide with the middle of the sides of a succeeding series, as 
here represented. 



1 



Where the angles of the component figures are intended to be in- 
variably combined, the hexagonal arrangement will therefore have 
greater strength and stability fov pavement than the others; but for 
upright masonry, the square or rectangul^ diviision is preferable, since 
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the furfacM of contact take the position best adapted to raatain the 
incumbent weight of the structure. 



PROPOSITION U, 

TsBOEKM. If a line be drawn bisecting an angle formed by 
two given linesj every point in this bisecting line will be 
equally distant from the two lines,f6rming the angle. 

Let AB, AC form the 
angle BAG, which is 
bisected by the line AD ; 
then wiU every point in 
AD be equally distant 
from AB, AC. 

For, in the line AD 
take any point as F, and 
draw FG, FH perpen- 
dicular respectively to 
AB, AC. Then, comparing the two triangles AFG, AFH, 
we see that the angles AGF and AHF are equal, each 
being a right angle ; also the angles FAG, FAH are 
equal, since AF bisects the angle GAH : hence the angle 
AFG is equal to AFH (B. I, Prop, xxiv, Cor. 1). There- 
fore in these two triangles we have the side AF common, 
and the two adjacent angles equal ; consequently they 
are identical (B. I, Prop, iv), and FG is equal to FH. 

Cor* The centres of. all the different civcles which can 
be described, touching the two lines AB, AC, must be 
situated in the line AD, which bisects the angle BAC. 
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PBOF^SITION III. 

Problem. To imcribe a circle in a given triangle. 

Let ABC be the given 
triangle. 

Biseet the angle BAG 
by the line AD ; also 
bisect the angle ABC 
by the line BD ( B. I, 
Prop. xi). Then, if from 
the point D where these 
bisecting lines intersect, as a centre, a circumference be 
described touching AB, it will also touch AC and BC 
(B. V, Prop. II, Cor.), and consequently be the inscribed 
circle required. 

Cor. The three lines bisecting the three angles of a 
triangle meet at the same point, which point is the centre 
of the inscribed circle. 
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7E0P08ITI0N rv. 

Peoblsm. To drmmscrihe a cirde about a given triangle. 

Let ABC be the given tri- 
angle. 

Bisect the sides GA, CB 
with the perpendiculars DG, 
FG, which must meet in some 
point G ; for, if they did not 
meet, they would be parallel, 
and, if parallel, then also 
would the lines to which they 
are perpendicular be parallel ; that is, CA, CB would be 
parallel, which is not the case : consequently the per- 
pendiculars DG, FG must meet. Join GA, GB, GrC ; and 
comparing the two right-angled triangles DGC, DGA, we 
have DG common, and the side DC equal to DA, each 
being half the side AC ; therefore GA is equal to GC 
(B. n, Prop. VIII, Cor. 2). By comparing the two triangles 
HGA, HGB, we may, for similar reasons, show that GA 
is also eqijial to GB. Therefore the point G is equidistant 
from A, B and C. 

Hence, if, with G as a centre, a circumference be de- 
scribed passing through A, it will also pass through B and 
C, and consequently circumscribe the triangle ABC. 

Cor. 1. The three perpendiculars which bisect the three 
sides of a triangle, meet in the same point. 

Corl2. This problem is equivalent to describing a< 
circumference of a circle through any three points not 
situated in the same straight line. 
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(87.) A circle described so as to touch one of the side* of ■ tritngle 
esteriorly, and the other two aides produced, jg cilted in eteribed 
circle; thus, D, F uid Q are centres of eicribed circlet, in reference 
to the triBngle ABC. 




From this we Bee thit eacribed circles touch the throe sides of a 
triangle, and are situated wholly without the triangle ; while tlie 
inscribed circle also touches all the sides of a triangle, but ia silualeil 
wholly within the triangle. 

(88.) Hence, four circamftrences maj always be described, which 
shall touch any three giyen lines, provided no two of thtt lines are 
parallel or coincident ; for these lines, being HulTicientl.v produced, 
will form, by their intwsections, a triangle ; which triangle we have 
just shown has three escribed circles and one inscribed circle, making 
in all four circles, each of which touches the three given lines. 
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(89.) We have shown that the three lines which bisect the three 
angles of a triangle, meet at the centre of .the inscribed circle (B. V, 
Prop, ni, Cor.). It also follows (B. V, Prop, ii. Cor.), that these lines, 
when produced, pass through the centres of the escribed circles. It is 
moreover obYions, that if the exterior angles of a triangle be bisected, 
these bisecting lines will meet at the centres of the escribed circles. 
Hence, if lines be drawn bisecting the ai^^, and the exterior angles 
of a triangle, they will intersect each other bj threes at the centres of 
the inscribed and escribed circles ; thui the three lines which bisect 
the angles will meet at the same point, giving the centre of the in- 
scribed circle. Any one of the lines bisecting an angle of the trian^o 
will intersect, at the aame point, two of the lines which bisect the 
exterior angles, giving the centre of an escribed circle. 



PROPOSITION V, . 

TaEOBBM. A cirde may be dreumscribed about ajxy given 
regular polygon ; so edsontay a circle be inscribed in any 
given regular polygon, 

Let ABGDF6 be a regrular 
polygon. 

Through any three conse- 
cutive corners of the polygon, 
as A, B, C, describe the cir- 6| 
cumference of a circle (B. V, 
Prop, iy), and it will also pass 
through all the remaining 
corners of the polygon. T ^^ "^^ B 

For, from the centre H, draw HA, HB, HC, HD ; also 
draw HK perpendicular to the side BC. Now, comparing 
the two quadrilaterals HKBA, HKCD, we know that the 
angle HKB is equal to HKC, since each is a right angle ; 




BOOK ▼. 



143 



also the angle EBA is equal to ECD, since the polygon is 
regular : moreover itB is equal to KC ( B. HI, Prop, i ). 
Therefore, if the quadrilateral HKBA be applied to the 
quadrilateral HKCD, so that HK may retain its present 
position, the side KB will coincide with KG, and BA will 
take the direction of CD ; and since BA is equal to CD, 
the point A will coincide with D : consequently the point 
H is equidistant from A, B, C and D. In the same way 
all the corners of the polygon may be shown to be at the 
same distance from H ; therefore this circle circumscribes 
the polygon. 

Again, in reference to this circle, the sides of the given 
polygon are chords ; ihey are therefore equally distant 
from the centre (B. Ill, Prop. iv). Hence, if, with H as a 
centre, and with HE as a radius, a^ circle be described, it 
will touch all the sides of this polygon at their middle 
points, and will therefore be inscribed in it. 

Schol. 1. The point H, which is the common centre oj 
the circumscribed and inscribed circles of the polygon, 
may be regarded as the centre of the polygon itself; and^ 
on this principle, the angle AHB is called the angle at the 
centre^ being formed by the two radii drawn to the ex- 
tremities of the same side. And since all the chords AB, 
BC, CD, &;c. are equal, all the angles at the centre must 
be equal ; and therefore each may be found by dividing 
four right angles by the number of sides of the polygon. 

Schol, 2. In order to inscribe a regular polygon of a 
certain number of sides, in a given circle, we must be 
able to divide the circumference into as many equal parts 
as the polygon is to have sides ; and then, by joining 
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these successive points of division, we shall form the 
polygon desired. . For the arcs being equal, their chords 
must be equal ; also the angles of the polygon will be 
equal, sinpe they will be inscribed in equal segments of 
the same circle (B. Ill, Prop, viii. Cor. 1). 




PROPOSITION VI. 

Problem. To inscribe a square in a given circle. 

Draw the two diameters 
AB, CD, cutting each 
other at right angles ; join 
the extremities, and the / 
figure ACBD will be a Ak 
square. For the angles 
ACB, CBD, BDA & DAC - 
are each right angles, be- 
ing inscribed in a semi^ 
circle ( B. Ill, Prop, viii, 

Cor. 3) ; hence the figure is equiangular. Again, since the 
arcs AC, CB, BD, DA are quadrants, they are equal, and 
therefore their corresponding chords are equal ; so that 
the figure is also equilateral, and consequently.it is a 
square. 

Scholium. Since the triangle AFC is right-angled and 
isosceles, we have (B. U, Prop, vni) AC*=2 AF*. Hence 

AC» : AF' : : 2 : 1, and 

AC : AF : : ^2 : 1 ; that is, the side 
of an inscribed square is to the radius, as the square root 
of 2 is to 1. 
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(90.) The strongest rectangular beam that can be. sawed from a 
cylindric log, may be found by the following construction : 



Let AFBG be a circular section of 
the log ; trisect the diameter AB at the 
points C and D ; draw CF, DG per- 
pendicular to this diameter, and join 
AF» FB, BG, GA ; and then will the 
rectangle AFBG be a section of the 
beam of the maximum strength. The 
proof of this cannot be made apparent 
by the elements of geometry alone. 




Problem. Tn a given circle^ to inscribe a regular hex^gofiy 

and an equilateral triangle. 

Draw the radius AB ; make 
the chord BG equal to this 
radius, and join AC. Then, 
since the triangle ABC is 
equilateral, each of its angles 
is equal to J of two right 
angles, or } of four right an* 
glesv Now s^lnce all the an- 
gnlsA space about the point A 
is equal to four right angles 
<B. I, Prop. I, Cor. 3)» it follows that the arc BC is one- 
sixth of the entire circumference. Hence if we apply the 
radius of the circle six times upon the circumference, it 
will bring us round to the place of departure, and we shall 
thus inscribe the hexagon as required. 

N 
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If we join the alternate angles of the hexagon, we shall 
form the inscribed equilateral triangle BDG. 

Scholium. The figure ABGD is a parallelogram having 
equal sides, since each side is equal to the radius ; hence 
we have BD*+AC« = 4 AB\ [B. n» Prop, xiv.] Rejecting 
AC from the first member of this equation, and its equal 
AB* from the second member, we have BD' = 3 AB*. 
Hence * BD' : AB* : : 3 : 1, and 

BD : AB : : ^3 : 1 ; that is, the side 
of the inscribed equilateral triangle is to the radius, as 
the. square root of 3 is to 1. 

Comparing this scholium with the scholium of the last 
proposition, we see that the side of an inscribed square 
is to the side of an inscribed equilateral triangle, as the 
square root of 2 to the square root of 3. 

PROPOSITION VIII. 

PBOBLIBM. To inscribe in a given circle a regular decagon^ 
a regular pentagon^ and also a regular pelygon of fifteen 
sides. ' 
Divide the radius AO in 

extreme and mean ratio 

(B. IV, Prop, xxiii) at the 

point M; take the chord 

AB equal to OM the 

greater segment ; then 

will AB be the side of the 

regular decagon, and, be- 
ing applied ten times to 

the circumference, will 

give the decagon required* 
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For, joining MB, we have by construction 

AO : OM :: OM : AM; 

or, since AB = tJM, we have 

AO : AB : : AB : AM. 

Now since the triangles ABO, AMB hare a common- 
angle A included between proportional sides, they are 
similar ( B. IV, Prop, x ) ; and as the triangle OAB is 
isosceles, it follows that AMB must also be isosceles, and 
AB=BM ; but ABr=OM, and hence MB=:OM, so that 
the triangle BMO is ako isosceles. 

Again, the angle AMB being exterior to the isosceles 
triangle BMO, is double the interior angle (B. I, Prop. 
xxy) ; but the angle AMB = MAB : hence the triangle 
OAB is such that each of the angles at its base, OAB or 
OBA, is double of O the angle at its vertex. Consequently 
the three angles of this triangle are together equal to five 
times the angle O, which is therefore one-fifth of two right 
angles, or the tenth part of four right angles ; hence the 
arc AB is the tenth part of the circumference, and the 
chord AB is the side of the regular decagon. 

By joining the alternate comers of the regular decagon, 
the pentagon ACE6I will be formed, also regular. 

AB being still the side of the decagon, let AL be the 
side of a regular inscribed hexagon. The arc BL will, with 
veference to the whole circumference, be i ^ tV = iV 5 
hence the chord BL will be the side of a regular polygon 
of fifteen sides. 

Scholium, Any regular polygon being inscribed, if the 
ares subtended by its sides be severally bisected, the 
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chords of these semi-arcs will fonn a new regular polyg<>n 
of double the number of sides. 

( 91. > From the square will arise regular polygons of 8, 16, 32, &c. 
sides, all of whi<^ may be included in the formula 4.2", when n is 
any positive integer, including also the case of nssQ. In like manner 
the equilateral triangle wiU give polygons expressed by 3.2", when 
'fi is subject to the same restrictions as in the square. Those arising 
£rom the pentagon will be included in the formula 5.2"; and those 
(torn the polygon of fifteen sides^ will be given by 15.2". 

( 92.) It ia obvious that any regular polygon whatever might be 
inscribed in a circle* provided that its circumference could be divided 
into any proposed number of equal parts ; but such division of the 
circumference, like the trisection of an angle, which, indeed, depends 
on it, ia a problem which has not yet been effected. There are no 
means of inscribing in a circle a regular heptagon ; or, which is the 
Same thing, the circtwnf^ence of a circle cannot be divided into seven 
equal parts, by any method hitherto discovered. Indeed the polygons 
above noticed were, till about the beginning of the present century, 
supposed to include all that could admit of inscription in a circle ; 
but in 1801 a work was published by M. Gauss of Gottingen ( and 
afterwards translated into French by M. Deusuc, under the name of 
Recherche* Arithmetiquest)t containing the curious discovery that the 
circumference of a circle could be divided into any number of equal 
parts capable of being expressed by the formula 2" •>!- 1, provided it be 
a prime nmnber, that is^ a number that cannot be resolved into factors. 
The number 3 is the simplest of this kind, it being the value of the 
above formula when n sa 1 ; the next prime number is 5, and this 
also ia contained in the formula. But polygons of 3 and 5 sides have 
already been described. The next prime number expressed by the 
fbrmula is 17; so that it is possible to inscribe a seventeen-sided 
polygon in a circle. The investigation of Gauss's theorem, although it 
establishes the above geometrical fact, depends upon the theory of 
algebraical equations, and involves other considerations of a nature 
that do not enter into the elements of geometry ; we must, therefore, 
content ourselves with merely alluding to it. 
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FBOFOSITIOlf 

Theobem. The surface of eoery polygon in which a circle 
may he inscribed, is equivalent to the rectangle of half 
the radius of that circlcy and the perimeter of the polygon. 
Let O hs the centre of the circle 

ioscribed in the polygon ABODE. 

Draw from O lines to the extre-* 

mlties of the sides» thus dividing 

the polygon into as many triangles 

as it has sides. 
Then, the common altitude of 

these triangles is the radius OP of 

the circle. Hence the surface of 

any one of them, OGD for instance!!^ is equiyalent to the 

rectangle of half OP and CD (B. II, Prop, iii), and so of 

any other ; therefore th€ sum of all the triangles, that is, 

the surface of the polygon, is equivalent to the rectangle 

of half the radius and the whole perimeter of the polygon. 

Cor. It has been shown (B. V, Prop, in), that a circle 
may be inscribed in a triangle ; consequently a triangle 
is equivalent to the rectangle of half the radius of the 
inscribed circle, and its perimeter. 

Schol^ The above proposition is obviously tru» for- all 
regular polygons (B. V, Prop. v). 

The converse of this proposition is as follows : If the 
surface of a polygon be equivalent to the rectangle of its 
perimeter and another line, this line will be half the 
radios of the mscribed circle, which it is obvious K&a not 

N2 



150 



■LKM KNTI or 0SOMBTftT. 



place ; for the surface of any polygon, whether it can 
circumscrihe a circle or not, may always be represented 
by an equivalent lectangle, of which one side may be of 
any given length ; so that when the perimeter is one side, 
the other side would be haW the radius of the inscribed 
circle, whether the polygon admit of such inscription or 
nol^ But if the converse be enunciated thus : If the sur- 
face of a polygon in which a circle may be inscribed be 
equivalent to a rectangle, of which one side is the peri- 
meter j tfateni th^ olh.er side will be half the ladius of the 
inscribed cil:cl^ ;. or if' one side be half the radius of the 
inscribed circle, the other will be the perimieter — its truth 
imnxediajtely follows from, the proposition itself. 



FftOPOSITION x^ 

Probljsia. Ant inscribed regular polygon being groen^ to 
circumscribe a similar polygon about the circle; and, 
conversely, from haloing a circumscribed regular polygon, 
to firm the simitar inscribed onai 

Let abed, &;c. be a regular 
inscribed polygon : it is re- 
quired to describe a similar 
polygon aboujt the circle. 

At each of the points a, b, 
c, d, etc., draw tangents to 
the circle, and they wilt fdrmi. 
the polygon ABCD, &c. si- 
ra>ilar to the polygon, abed,, 
&c. 
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For, in the €rst place, there are as many tangents as 
the inscribed polygon has sides ; and those drawn through 
the extremities of the same chord evidently meet, unless 
the chord is a diameter. 

Next, the angles formed by these tangents and chords 
are all equal to each other, for their sides include equal 
arcs ( B. Ill, Prop. yii). Hence the triangles /Aa, oBb^ 
bCcy 6cc. are isosceles^ and they have equal bases /a, o^, 
he, &c. ; therefore thes& tnangles are equal, and conse- 
quently the angles A,. B, C, D, &c. are equal, and so are 
tlfleir including sides : therefore the polygon ABCD, Sec. 
is regular, and it has the same number of sides as the 
polygon abcdf &c«.; it is, therefore, similar to it (B. V, 
Prop. i). 

dnwersdy. Let the circumscribed polygon ABCD, &c. 
he given ; then, if the successive points of contact a, 3, c, d^ 
&c. be joined, a similar polygon will be inscribed in the 
circle. For the angles A, B, C, &c. are equal ; as also the 
sides aB, Bd, ^C, Cc, &c., each being half a side of the 
polygon. Consequently the sides ab, bCy cd, &c. are equal, 
and the angles included between them must be equal ; 
they therefore form a regular polygon, and as the sides 
are the same in number as those of the circumscribed 
polygon, it is similar to it. , 

Schol. 1. It was remarked (B. V, Prop, viii, SchoL), 
that, from having an inscribed regular polygon, we might 
easily form another of double the number of sides. It may 
he, in like manner, here observed, that, from having a 
circumscribed regular polygon, we may readily derive 
another of double the number of sides, nothing more being 
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necessary than to draw tangfents to the points of bisection 
of tho»arcs intercepted by the sides of the proposed poly- 
gon, limiting these tangents by those sides ; and it is plain 
that each of the polygons so formed will be less in surface 
than the preceding, being entirely comprehended within it. 

Let ah be the side of an 
inscribed polygon ; and if 
aA, hX be tangents to the ^ 

circle at the points a, ft, ^ 
each will be one half of the' 
side of the simjllar circum- 
scribed polygon ; or, which 
is the same thing, they wiU 
together be equal to the side 
of a circumscribed polygon, 
similar to the inscribed one 
whose side is ab. Let M be 
the middle of the intercepted arc, and draw Ma, M ft, and 
the tangent BMO ; then aM, Mft will be two consecutive 
sides of an inscribed polygon, having double the number 
of sides that the polygon has whose side is aft ; and, con- 
siequently, BG bein^ a tangent at M, meeting the tangents 
at a and ft, must, by the proposition, be the side of a 
polygon having double the number of sides that the 
polygon has whose side is aft... 

Schol, 2. If polygons be thus successively circumscribed^ 
about the circle, their perimeters will decrease as the 
number of sides iticrease. For BG is less than AB+AC, 
and consequently aB + BG + Gft < aA +• Aft. Now 
aB+Cft = BG, and aA+Aft is equfd to a side of the first 
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circumacribed polygon : hence two sides of the second 
circumscribed polygon are together less than one side of 
the first ; and, therefore, the whole perimeter of the second 
is less than that of the first. It is obvious, that with respect 
to the inscribed polygons, the perimeters increase in the 
same circumstance; thus, the two sides aM, Mb being 
together longer than ab, it follows that the perimeter of 
the. second inscribed polygon exceeds that of the first. 
. The successive circumscribed polygons that we have 
been considering, continually approach nearer and nearer 
towards coincidence with the circle. For OB is nearer an 
equality to the radius Oa of the circle, than OA, because 
in the two right-angled triangles OoB, OaA, each having 
the common side Oa, we have a A longer than a6, and 
therefore OB is less than OA ; and in every succeeding 
polygon the difference between the radius of the circle 
and the distance of the centre from the remotest points in 
the perimeter will, in like manner, perpetually diminish ; 
so that the perimeters continually approach towards co- 
incidence with the circumference, and we have already 
seen that the perimeters continually diminish. 

Now it is plain that if a series of magnitudes continually 
approach nearer and nearer towards coincidence with any 
proposed magnitude, and at the same time continually 
diminish, the magnitude to which they appi^ach must be 
smaller than either of the approaching terms ; we are, 
therefore, warranted in asserting that the circumference of 
a circle is a shorter line than the perimeter of any dreams 
scribed polygon. 

In a similar manner, by considering the successive 
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inscribed polygons, it appears that they also continually 
approach towards coincidence with the circle. For Od is 
nearer an eqaality to the radius than OD, since the chord 
dUL is shorter than ah (B. Ill, Prop, iv) ; so that in each 
succeeding polygon the perimeter approaches nearer to 
coincidence with the circumference, and it has been shown 
that these perimeters successively increase. Hence we may 
infer that the drtMrnference of a circle is a longer Kne than 
the perimeter of any inscribed polygon, 

PROPOSITION XI, 

Theorem. Tufo polygons may he formed, the om vnthin, 

and the ether about a circle, that shall differ from each 

other by. less than any assigned magnitude however small. 

Let M represent any assigned surface. It is to be shown 

that two polygons may be described, the one within, and 

the Other about the circle whose centre is O, which will 

differ from each other by a magnitude less than M. 
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Let N be the side of a square, whose surface is less 
than the surface M, and inscribe in the circle a chord an 
equal to the line N. Then, by the methods already ex- 
plained, inscribe in the circle a square, a hexagon, or 
indeed any regular polygon : let the arcs which its sides 
subtend be bisected ; the chords of the half arcs will be 
the sides of a regular polygon, having double the number 
of sides. L<3t, now, the arcs subtended by the sides of this 
second polygon be in like manner bisected ; the chords 
will foltn a third polygon, having double the number of 
sides that the second vhas. Continue these successive bi- 
sections till the arcs become so small as to be each, less 
than the arc an, their chords forming the inscribed poly- 
gon abed, &;c. Circumscribe the circle with a similar 
polygon ABCD, &c. ; then this last will exceed the former 
by a magnitude less than the proposed magnitude M. 

From the centre O draw the lines Oa, OA, OA, OH, 
and produce AO to d ; then the polygon a5c(f, 6cc, is com- 
posed of as many triangles equal to Oak as the polygon 
has sides ; and in like manner the polygon ABCD, 6cc, is 
composed of as many triangles equal to OAH as this 
polygon has sides ; and as the polygons have each the 
same number of sides, the inscribed is the same multiple 
of the triangle Oak that the circumscribed is of the tri- 
angle OAH. Now the triangle Omh is half the triangle 
Oah ; in like manner, the triangle OAA is half the triangle 
OAH : hence the inscribed polygon is the same multiple 
of Omh, that the circumscribed polygon is of OAA ; and, 
consequently, 

Omh : OAA : : ins. pol. : circ. pol. 
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Whence, by division, we have 

OAA : OAA— 0mA : : circ. pol. : circ. pol.— ins. pol. ; 

that is, OAA : kmh : : circ. pol. : circ. poL— ins. pol. 

Now OAA is a right angle ; and since AO bisects the 
angle A of the isosceles triangle aAA, it is perpendicular 
to ah : therefore the triangles OAA, AmA are similar. 
Consequently (B. IV, Prop, xii), 

OAA : Kmh : : OA' : Awi* : : A^* : Aa' ; •whence 

AeT : Aa* : : circ. pol. : circ. pol.— ins. pol. 

Now a circumscribed square, that is to say A^T, is greater 
than the polygon ABCD, &c., since the surfaces of cir- 
cumscribed polygons diminish as their sides increase in. 
number ; so that in the last proportion, the first antecedent 
is greater than the second : consequently the first conse- 
quent is greater than the second j that is, the excess of 
the circumscribed polygon above the inscribed is less than 
Aa*, and therefore less than N' or than M. 

Cor. As the circle is" obviously greater than any in- 
scribed polygon and less than any circumscribed one, it 
follows that a 'polygon may he mscribed or circumscribed^ 
which will differ from the circle by less than any assignable 
magnitude. 
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PROPOfl^lON XU. 

Theosbm. a drde is equivalent to the rectangle contained 
by lines equal to the radius and half the 'drcumferenoe* 

Let us represent the rec- 
tangle of the radius an:d 
semicircumference of the 
circle ABCD by-P : we are 
to show that this rectangle 
is equal in surface to the 
circle. 

If the rectangle P he not 
equivalent to the circle, it 
must be either greater or 
less. Suppose it to be greater, and let us represent th« 
excess by Q. Then, by the corollary to last proposition, a 
polygon may be circumscribed about the circle, which 
shall differ therefrom by a magnitude less than Q, and 
must consequently be less than the rectangle P. But the 
area of every circumscribed polygon is equivalent to the 
rectangle of the radius and half its perimeter (B. V, Prop, 
ix), and the perimeter exceeds the circumference of the 
circle : consequently the rectangle of the radius of the 
circle and semi-peximeter of the polygon must be greater 
than P^ the rectangle of the same radius and semicircum- 
ference of the circle ; but it was shown above to be less, 
which is absurd. Hence the hypothesis that P is greater 
than the circle, is false. 

But suppose the rectangle P is less than the circle, and 
let us represent the defect by the saijie letter Q. Then, 

O 



168 



wLMMxtm ov oBoxmmT. 



• 



by the same corollary, a regular polygon may be inscribed 
in the circle, which shall differ from it by a magnitude 
less than Q, and must consequently be greater than the 
rectangle P. But every inscribed regular polygon is equi- 
valent to the rectangle of the perpendicular drawn from 
the centre to one of the sides, into half its perimeter ; and 
this perpendicular is less than the radius of the circle, and 
the perimeter is less than the circumference : consequently 
the rectangle of this perpendicular and semi-perimeter of 
the polygon must be less than P, the rectangle of the 
radius and semicircumference of the circle ; but it was 
shown above to be greater, which is absurd. Hence the 
second hypothesis also is false. 

As therefore the circle can be neither greater nor less 
than the rectangle P, it must necessarily be equivalent to 
it. 

PROPOSITION XIII. 

Theorem. Circles are to ecxh other as the squares of their 

radii. 

/Let the circles A6CD, ahcd^ be compared : we shall 
have the proportion 

AO' : «o' : : circle ABCD : circle ehcd. 

For if this proportion has not place, let there be 

AO" : flo' : : circle ABCD : P, ' 

P being some magnitude either greater or less than the 
circle ahcd. Suppose it to be less^ and let us represent the 
defect by Q. Then ( B. Y, Prop, zi ) a polygon may be 
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inscribed in the circle esbcd, whict shall differ^from it by 
a magnitude kss than Q, and will therefore exceed the 
magnitude P. Let aibcdey &c. be such a polygon; and 
describe a similar polygon ABODE, &c. in the other 
circle. Then, since regular polygons of the same number 
of sides are similar, we have 





AO' : ao* : : pol. ABODE, &c. : pol. ahcde, &c. 

Hence, by equality of ratios, we have 

circ. ABO© : P : : poL ABODE, &c, : pol. ahcde, &c. 

Now in this proportion the first antecedent is greater than 
the second^ consequently the first consequent is greater 
than the second ; that is, P is greater than the polygon 
abcde, &c. ; but it has been shown to be less, which is 
absurd. Therefore P cannot be less than the circle abed. 
But suppose that P is greater than the circle abed. 
Then, still representing the difference by Q, a polygon 
may be circumscribed about the circle c^cd^ which shall 
differ from it by a magnitude less than Q, or be less than 
P. Suppose such a polygon to be described, and that a* 
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similar one is formed about the circle ABGD ; then these 
poljTgons being to each other as the Squares of the radii of 
their respective cir<de8^ it will evidently result, by com* 
paring, as in the preceding case, this proportion with that 
advanced in the hypothesis, that the circle ABGD is to P 
as. the polygon about this circle to the polygon about the 
other ; in which proportion the first antecedent is less than 
the second, and consequently the first consequent is less 
than the second, that is, P is less than the polygon cir- 
cumscribed about the circle abed ; but it was shown above 
to be greater, which is absurds Hence P can neither be 
less nor greater than the circle ahcd ; consequently it 
must be equal to it, and therefore 

AO* : oo* : : circle ABCD : circle ahcd. 

Cor. 1. Since every circle is equivalent to the rectangle 
of its radius and half its circumference, the above pro- 
portion may be expressed thus : 

AO* : ao» : : AO.iABCD : ao.\ahcd : 

whence, AO \ ao i \ \ ABCD : J ahcd. 

Consequently the (circumferences of circles are to each other 
as their radii, and therefore their surfaces are as the squares 
of the circumferences^ 

Cor. 2. It follows, also, that similcbr ares are to each 
other as the radii of the circles to which they belong ; for 
they subtend equal angles^at the centres (B. Ill, Def. 12), 
and each angle is to four right angles as the arc which 
subtends it is to the whole circumference : consequently 
the one arc is to the whole circumference, of which it 
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forms a part, as the other arc to the circumference of 
which it is part ; and as the circumferences are as the 
radii, we have alternately the one arc to the other as the 
radius of the former to that of the latter.. 

Cor^ 3.. Therefore also similar sectors are to each other 

• 

as the squares of their radii ; for each sector is to the ciAe 
as the arc to the circumference : consequently the one 
sector is to its circle as the other sector to its circle ; and 
as the circles are as the squares of the radii, we have 
alternately the one sector to the other as the square of the 
radius of the former to the square of that of the latter. 

Cor, 4. It readily follows that similar segments are also 
as the squares of the radii ; for they result from similar 
sectors, by taking away from each the triangle formed by 
the chord and tadii, which triangles, being similar, are 
also to each other as the squares of the radii; therefore 
the sectors and triangles being proportional, it follows that 
the segments also are as the sectors, or as the squaries of 
the radii, or indeed as the squares of their chords.. 
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PROPOSITION xnr. 

Problem. The surface of a regular inscribed polygon and 
that of a similar circumscribed polygon being given^ to 
And the surfaces of regulaar inscribed and circumscribed 
yolygons of double the number of sides. 

Let ah he BL side of the 
given inscribed polygon : 
then the tangents aA, bA 
will each be half the side of 
the similar circumscribed 
polygon ; the chords aM,. 
&M» to the middle of the arc 
aM&> will be sides of an in- 
scribed 'polygon of double 
the number of sides ; and^ 
lastly, the tangent BMC will 
be the side of a circum.* 
scribed polygon similar to this last. All this is evident 
from B. V, Prop. x. 

Let us, now, in ordiei?- to^ avoid confusion, denote the 
inscribed polygon whose side is ab by,p, the corresponding 
circumscribed polygon by P ; the inscribed polygon of 
double the number of sides by p^ and the similar circum- 
scribed polygon by P'. Then it is plain that the space Octd 
is the SQjne part of p that OaA is of P, that OaM is of p', 
and that OaBM is of P' ; for each of these spaces requires 
to be repeated the same number of times, to complete the 
several polygons to which they respectively belong. Hence 
then, and because magnitudes are as their like multiples. 
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it follows tlla^t whatever relations are shown to exist among 
these spaces will he true also of the respective polygons 
of which they form part. Now the right-angled triangles 
ODa, OAa, BMA are similar : the two first famish the 
proportion OD : Oa : : Oa : OA, or, which is the 

same thing, OD : OM : : OM : OA ; 
and, conseqniently,. since triangles of the same altitude 
are as their hases, it follows that 

ODa : OMa : :; OMa : Oka; 

that is, the triangle OMa is a mean between ODa and 
O Aa : consequently the polygon p' is a mean proportional 
between the polygons f and P». 

Again, the similar triangles ODa, BMA give the pro- 
portion OD :0a:: BM : BA, or, whi^h is the 
same thing, OD : OM : : aB : BA ; and, consequent- 
ly, since triangles of the sam« altitude are as their bases, 
it follows that ODa : OMa 



ODa+OMa : iODa 
Consequently p+p' : ^p 



OaB : OBA; therefore 
OaB+OBA : 2 OaB. 
P : F. 



• Scholium. It was proved (B. V, Prop, xii), that a circle 
is equivalent to the rectangle contained by its radius and 
a straight line equivalent to half its circumference. In 
order, therefore,, to construct a reciangle equivalent to any 
given circle, it would only be necessary, from having the 
radius, to draw a straight line equal to half the circum- 
ference. But this is a jaoblem which has never yet been 
ejected ; so that the equivalent rectangle remains still 
undetermined,, and therefore the quadrature of the circle, 
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as this problem is called, is not capable of being rigorous- 
ly ascertained. This, however, is a cir'cumstance little to 
be regretted ; for it has been shown (B. V, Prop, xi. Cor.) 
that polygons may be inscribed in and circumscribed about 
a circle, that shall approach so near to coincidence with it 
as to differ from it by a magnitude less than any that can 
be possibly assigned : a degree of approximation obvious* 
ly equivalent to perfect accuracy, since no magnitud<^ can 
be found sufficiently small to denote its diSerence thefe- 
from. The principal object of inquiry then should be, at 
least in a practical point of view, how we may most 
expeditiously carry on the aj^roximation alluded to ; and 
the problem above furnishes us withione of the best ele- 
mentary methods for this purpose that can be given. 

Let us represent the radius oi^ the circle by 1, and let 
the first inscribed and circutnscribed polygons be sq^narss : 
the side of the former will be y/2f and that of the latter 
2 ; so that the surface of the former «will be 2,. and that 
of the latter 4. Now it has been proved in the proposition 
that the surface of the inscribed octagon, or, as we have 
denoted it, p\ will be a mean proportional between the 
two squares p and P, so that p' = ^8 = 2 •8284271. 
Also from the proportion p-\-p' : 2p : : P : P', we obtain 
the numerical' value of the circumscribed octagon ; that is, 

P'= ^ = ~7« = 3-3137085. 

Having thus obtained numerical expressions for the in- 
scribed and circumscribed polygons of eight sides, we 
may, from these, by an application of the same two pro-^ 
portions. in a similar way, determine the surfaces of those 
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of sixteen sides, and thence the surfaces of polygons of 
thirty-two sides ; and so on till we arrive at an inscribed 
an^ circumscribed polygon, differing from each other, and 
consequently from the circle, so little that either may be 
considered as i&quivalent to it. The subjoined table exhibits 
the area^ or numerical expression for the surface of each 
succeeding polygon, carried to seven places of decimals. 



Number of t»dt$. 


AreaofOuiiueratd 

pOljfgWt. 


Areaof UUnrewnteribtd 

poljfgOH. 


4 


2-OQOOOOO 


4-0000000 


8 


2-8284271 


3-3137085 


16 


3-0614674 


3-1825979 


32 


3-1214451 


3 • 1517249 


64 


3-1365485 


3-1441184 


128 


3-1403311 


3-1422236 


256 


3-1412772 


3-1417504 


512 


3-1415138 


3-1416321 


1024 


3 1415729 


3 - 1416025 


2048 


3 - 1415877 


3-1415951 


4096 


3-1415914 


3 • 1415933 


8W2 


3-1415923 


3-1415928 


16384 


3 1416925 


3-1415927 


32768 


3-1415926 


3-1415926' 



It appears then that the inscribed and circumscribed 
polygons of 32768 sides differ so little from each other, 
that the numerical value of each, as far as seven places 
of decimals, is absolutely the same : and as the circle is 
between the two, it cannot, strictly speaking, differ from 
•ither so much as they do from each other ; so that the 
number 3 - 1415926 expresses the area of a circle whose 
radius is 1, correctly as far as seven places of decimals* 
We may, therefore, conclude, that were the absolute 
quadra.ture of the circle attainable^ it would exactly co- 
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incide with the above number as Ult at least as the serenth 
decimal place, which is an extent even beyond what the 
most delicate numerical calculations are ever likely «to 
require. 

Having found the numerical expression for the surface 
of a circle whose radius is 1, we readily find the area of 
any circle whatever; for since the surfaces are as the 
squares of .the radii, we have only to multiply the square 

of the radius of any proposed circle by the number 

3*14159, 6cc,, and the product will be the area. 

Also, since the surface of a circle is equivalent to half 
the circumference multipled by the radius ( B. V, Prop, 
xn), it follows, that when the radius is 1, the half circum- 
ference must be 3^ 14159, &c. ; or since the circumferences 
of circles are as their radii, when the diameter is 1, the 
circumference will be 3*14159, &c. ; so^that the circum- 
ference of any circle is found by multiplying its diameter 
by 3* 14159» ^., or, as is usual^ simply by 3* 1416. 

For ordinary purposes of mensuration, the circumference 
will be determined with sufficient precision by multiplying 
the diameter by 22, and dividing the product by 7, which 
is the approximation discovered by Aechimepes. A still 
nearer method would be to multiply the diameter by 355, 
and divide the product by 113, which approximation was 
discovered by Metius. 

( 93.) Were it i^cessaiy^ this approsimation might be continued to 
double the above number of decimals : it has indeed been carried by 
some to a much greater length than this. Ludolph van Ceulem had 
the patience to extend the approsimation as far as th^ thirty-sixth 
place of decimals, by a method Somewhat different indeed from that 
above described, but requiring an equal degree of labor and attention. 



r 



BOOK y. 



167 



Since his time, the quadrature of the circle has been approached still 
nearer by other methods. 

( 94.) The following infinite series, 

• ar = tan « — i tan* a; -f- y tan* ar -•- \ tan'' x + fee., 

where x is an arc less than 90^, was discovered by Gregory, and is 
the foundation of almost every effective method sinc^ employed in 
determining the ra,tio of the circumference to the diameter of the 
circle. It is hot, in its simple form, well adapted to use, on account of 
it9 slow convergency ; as it requires a great number of terms to be 
k^omputed, in order to obtain a moderate degree of approximation. 
When X =s 45*, tan * *= 1, and Gregory's series becomes 

* 1.3 ^ 5.7 ■ 9.11 • 13,15 ^ ' 

where nr sss the ratio sought. 

When X ss= 30* == i *, we have tan a? = JL, and Gregory's series 
becomes 

This is called Halljey's series : it also converges very slowly. 

EtTLiER jnade use of the following series, which converges with 
considcarable rapidity : 

The celebrated series . used by Machin, by which he carried the 
quadrature as far as the lOOth place of decimals, is 

M 1 ^^ 1 . \ 

^ \239 3(239)* ^ 5(239)* /• 
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ProfesBor Wijluaic RTTTHKRit>RD, <^ Uie Royal Military Academy, 
published in the Philosophical Transactions of the Royal Society of 
London, in 1841, his method of computing this ratio. His series is 

/I 1 . 1 \ 

The divisors 7G and 99,. which enter into'this seties, are easily em- 
ployed, from their being readily r^dlr^d into simple factors* In using 
the dirisot 99, Mr. Rutherford employed synthetic diriaion, thus 
greatly simplifying the labor. The series itself was det'ived from the 
equation - 

- = 4tatt''»i — tan-'i + tan-*i , 

4 - ft 70 ^ 99 ' 

which was first published by Euler iu 17^. 

Mr. Rutherford carried his approximatipn to 20& decimals, which 
value is 

3- 14159265358979823846264338327950288419716939937510582 
0974944592307816406286208998628034825342117067982148 
0865132823066470938446095505822317253594081284847378 
139203863383021574739960082593125912940183280651744. 

(95.) The following geometrical constructiop is very simple, and 
gives this ratio sufficiently accurate for all practictd purposes : 
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Let A€B be the diameter of the ^iven circle ; produce it towards 
N ; take BD and DE each equal to AB } through E draw EO perpen* 
dicular to AE, and talce :EF and FG each equal to AB ; join AGf AP, 
DG and DF. Set off ^n the line EN^ from E, the distances £H and 
HK, each, equal to AG ; thea set off, in the (^poeite difection, the 
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distance EL equal to AF, and from L set off LM equal to D6; also 
set off MN equal to DF. Then bisect EN at the point P ; bisect EP 
at the point R» and finally trisect KR at the point T; then will CT be 
the circumference of the circle, nearly. 

, * For, by construction, we have, if we call the diameter a unit,. •••• 
CE = 2k; EL = 2EH — KL = 2^13 — ^10; LM = ^5; 
MN = \/2. Therefore EN ^ 2^13 — ^10 + ^5 + ^2; and 

ET = JL ( 2-v/13 — -v/10 + V5 + ^2), and therefore 

CT = 2i+-JL(2^l3 — ^/10+V5 + V2) = 3-1415922, &.C., 

which is the ratio true to six decimals. For simplicity and accuracy; 
a better graphic me^od of finding this ratio can hardly be expected 
or even desired. • » 



(96.) Theorem. If a straight line be divided into two parts, the 
semicircle described on the whole line as a diameter, will be equal to 
the sum of the semicircles described on the two parts, together with 
the circle described on a line which is a mean proportional between 
the two parts. 

Let AB be a straight line divided 
into the two parts AC & CB ; then 
will the semicircle ADB be equal to 
the. sum of the semicircles AFC and 
CGB, together with a circle de- 
scribed on CD, which is a mean 
proportional between AC and CB. 

Since the areas of circles, and consequently of semicircles, are to 
each other as their radii or diameters (B. V, Prop, xiii), we have the 
♦awnicircle on AD equal to the sum of the semicircles on AC and CD ; 
also the semicircle on BD equal to the sum of the semicircles on CB 
and CD (B. IV, Prop, viii) : therefore the sum of the semicircles on 
AD and BD, which is equal to the semicircle on AB, is equal to the 
sum oi the semicircles on AC and CB, together with the circle on CD. 
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(97.) Trboksm. Jf a itraight lUu be dwided tnto any Humbar ef 
parUt theeemUircwnference dueribtd on tMe whole linewiU he efuMi 
U the eum ef the eenUeireumfereneee deeeriked mi the parte. 

Let AB be a straight line di- 
vided at the points D & F; then 
will the semicircumference ACB 
be equal to the sum of the sexni- 
eircttxnferences AGD, DHF and 

FKB. 

For, circnmfereficcs are as their 

^tameters, and consequently semi- 
circumferences must also be as 
their diameters; therefore we have 

ACB : AGD : 

ACB : DHF : : 

ACB : FKB : : 

ACB : AGD+DHF+FKB 

Snee the third term of this proportion is equal to the fourth term* it 
follows that the first term is equal to the second term : hencev 




AB 
AB 
AB ; 
: AB 



AD, 

DF,and 

FB. Consequently. 

: : AD+DF+FB. 



ACB = AGD + DHF+FKB. 



(98.) Tbxoiism. Ift on the sides of a triangle ineeribed in a 
eireUt semieireles be described, the two lunes formed ther^ wU9 
together be equal to the area of the triangle. 

JjSt ABC be a triangle in- 
scribed in a semicircle. 

On AB, BC, let semicircles 
ADB, BFC be described; the 
limes ADBG, BFCH are to- 
gether equal to the triangle 
ABC. ^ 

IT c 

Since the areas of circles, and of course semicircles, are as the 
squares of their radii or diameters (B. V> Prop, jua)^ we have 
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■emicircle ABC : ADB : : AC* : AB«, and 

iemioircle ABC : BFC : : AC* : BC*; therefore, 

ABC : ADB+BFC : : AC* : AB*+BC*. 

But. since the triangle ABC is right-angled, AC%8«AB*4-BC* ; there- 
fore ABC =a ADB-f-BFC. From these equals take away the segments 
AGB. ^HC, and we shall have the triangle ABC «» the sum of the 
lunes ABBG and BFCH. 



( 99.) PROBI.KM. To divide a given circle into any number tf 
parUy which shall he equal in area and equal in perimeter^ and not 
have theportione in the farm of sectore. 

Let AB be the diameter of the 
circle, and suppose we wish to 
divide it into four parts. Divide 
the diameter into fbur equal parts 
at the points C, D, F. Then de- 
scribe the semicircles upon the 
opposite sides of the different 
segments of the diameter, as ex- 
hibited in the diagram. Now if 
we suppose the diameter to be 
effitced, the four portions will 
fulfil the conditions required. 

Semicircles are to each other as the squares of their diameters ( B. 
V, Prop, xni ). Representing the semicircle described on BC as a 
diameter by 1, it follows that the one described on the diameter BD 
will be represented by 4, the one described on BF will be represented 
by 9, while the entire semicircle described on AB will be denoted by 
16 : hence the spaces above the diameter AB, as well as those below, 
will be to each other as the numbers 1, 3, 5, 7. Now when the dia- 
meter is supposed to be removed, the portions which are thus united 
will, in each case, be represented by 8, and therefbre they are all 
equal. 

The sum of the semicircumferences described. on BC and CA is 




njutl to ths tenucircunifereiice od AB (Art. S7), and theuine for the- 
Mmicircumference* de*crib«d on the other legmenti into which the 
diunetet AB is. divided ; hence each portion has for iti perimeter u) 
entire circumferenc«. 



(100.) Pwoai^M. Bit rejuired-lt'JmdMAat fori aflhediameltr 
)tf a grindtlont a given nuatier of tndiaiAiioi* «>ul rupeettBtlif 
grind off, m that Ihty thall memt ejual perHaru of tht ttmu. 




Let ABbelhe diuseterof theil«De,uidBDppoBeit i> tobecquill; 
■h»r«d among four individuali. 

Divide the radius AC into four equal parts ; then upon BD, BF, BG, 
deacribe Mmicircumferencei. Draw the radius CH at right angles to 
the diameter AB ; and th« points K, L, H, thus determined, wili b« 
the point) to which thej must grind' retpectirel^. 
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We have ( B. IV^ Prop. XTin, Cor. 1) 

CM* =■ BC X CD, 

CL« « BC X CF, 

CK* a BC X CG, and 

CH» sBCxCA; 

therefore CM*, CL*, CK*, CH* are to each other as CD, CF, CG, CA, 
or aa 1> 2, 3, 4. Hence the areas of the circles whose radii are CM, 
CL» CK, CH are to each other as 1» 2» 3» 4 (B. V^ Prop, zm) ; there- 
fore the stone has in this way been divided equally among four in- 
dividuals. A similar method would apply for a greater number of 
divisions. 

If we denote tiie radius of the stone by R» and the number of in* 
dividuals by n, we shall have 

BC— R; CD«5; CF-. — ; CO-— , «tc. 

91 ft H 

Heiic« CM -» Y^^^i — *\/^' 

CL - >/^ - Kv/f; 

CK - vA^ - BV4. 
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BOOK SIXTH, 



DEFINITIONS. 

1. The wmirum section of two planes is the Une in which 
they meet to cut each other. 

2. A line is perpendicular to a plane, when it is per- 
pendicular to any two lines in that plane which meet it. 

3. One plane is perpendicular to another, when every 
line in the one which is perpendicular to their common 
section is perpendicular to the other plaiie. 

4. The indifuUion of ttoo planes to each other, or the 
angle they form between them, is the angle contained by 
two lines drawn from any point in the common section, 
and at right angles \o the same, one of these lines in each 
plane. 

6. A line is parallel to a plane, when, if both are pro- 
duced to any distance, they do not meet ; and, conversely, 
the plane is then also parallel to the line. 

6. Two planes are parallel to each other, when, both 
being produced to any distance, they do not meet. 

7. A solid angle is the angular space included between 
three or more pli^nes which meet at the same point. 

PBOPOSITION I, 

TnBoiiEif. One part of a straight line cannot he in a plane, 

and another part out of it^ 

For (B. I, Def. VII), when a straight line has two points 
common with a plane, it lies wholly in that plane. 
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Theobem. Two straight lines which intersect each other ^ lie 
in th$ same plane^ and determine its position. 




F Let AB, AC be two straight lines which intersect each 
other in A ; and conceive some plane passing through one 
of the lines as AB, and if also AG be in this plane, then 
it is clear that the two lines, accojrdin:g to, the terms of the 
proposition, are in the same plane; but if not, let the 
plane passing through AJB be supposed to.be turned round 
AB till it passes through the point G, then the line AG, 
which has two of its points A and C in this plane, lies 
wholly in it ; and hence the position of the plane is de- 
termined by the single, condition of containing the two 
straight lines AB, AG. 

Cor. 1. A triangle ABC, or any three points not in a 
straight line, determines the position of a plane. 

Cor, 2. Hence, also, two parallels AB, GD determine 
the position of a plane ; fbr, drawing the secant £F, the 
plane of the two straight lines AB, EF is that of the 
parallek AB, CD. 
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PBOPOSITIOIf m. 

Theoebh. The common tectum of ttoo planes is a straight 

line. 

LiCt DC and EF be two planes cutting 
each other, and A, B two points in which 
the planes meet. Draw the line AB ; this 
line is, the common intersection of the two 
planes^ 

For» because the straight line touches 
the two planes in the points A and B, it 
lies wholly in both these planes^ or ia ^ 
common to both of them ; that is^ the common iitfersection 
of the two planes is in a straight lme« 




psoFoaxnoN vr. 

TAomv. ^ a straight Iwe is perpendicular to eaeh of tw^ 

straight lines, at their point of intersectumy it will be 

perpendicular to the plane of these lines ^ 

Let APbe perpendicular to the t>ira 
lines PB, PC, at their point of inter*^ 
section P; then will Xt be perpendi-«> 
cular to MN the plane of the lines^ 

Through P, draw in the plane |i|N 
any line as; PQ ; and through any 
point of this line^ as Q, draw BQC, so that BQ = QG 
(B. IV, Prop. VI) : join AB, AQ, AC. 

The base i3C being divided into two eq^ual parts at the 
point Q^ the triangle BPG (B. II„ Prop, xn) will giv« 
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PC" + PB" = 2 PQ* + 2 QC. 

The triangle BAG will, m like mftniier, give 
AC + AB* = 2 AQ" + 2 QC\ 
Taking the first equation from the second, and observing 
that the triangles APC, APB, which are both nght-angled 
at P, give AC'-PC« = AP% and AB'-PB* = AP*, we 
shaU have 2 AP' = 2 AQ* - 2 PQ\ 

or AP* = AQ'- PQ'; 

that is, AQ' = AP» + PQ'- 

Hence the triangle APQ is right-angled at P, and there* 
fore AP is perpendicular to PQ. 

Scholium, Thus it is evident, not only that a straight 
line may be perpendicular to all the straight lines which 
pass through its foot in a plane, but that it always must 
be so, whenever it is perpendicular to two straight lines 
drawn in the plane. 

Car. 1. The perpendicular AP is shorter than any ob- 
lique line AQ ; therefore it measures the true distance 
from the point A to the plane MN. 

Cor. 2. At a given point P on a plane, it is impossible 
to erect more than one perpendicular to that plane. For, 
if there could be two perpendiculars at the same point P, 
draw along these two perpendiculars a plane, whose 
intersection with the plane MN is PQ ; then those two 
perpendiculars would be perpendicular to the line PQ at 
the same point, and in the same plane, which is impossible. 

It is also impossible to draw, from a given point out of 
a plane, two perpendiculars to that plane. For, let AP, 
AQ, be these two perpendiculars ; then the triangle APQ 
would have two right angles APQ, AQP, which is im^ 
possible. . 
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FBOPOSITiaSI T. 

Theorem. Oblique Ones equally distan$ from the perpen* 

dicular to a pUme^ are equal; and^ of two oblique lines 

unequallf dittant from the perpendicular^ that which is 

nearer is less than thai more remote. 

For the angles APB, APG, APD 

being right, if we suppose the distances 

PB, PC, PD to be equal to each other, 

the triangles APB, APG, APD will 

have each an equal angle contained by 

equal sides, and therefore they will be 

equal ; therefore the hypothenuses,, or the oblique lines 

AV, AC, AD will be equal to each other* In like manner, 

if the distance PE be greater than PD or its equal PB, 

the oblique line AE will evidently he greater than AB^ 

or its equal AD ; that is, AB will be less than AE. 

Cor^ All the equal oblique lines AB, AC, AD, &Cm 
terminate in the circumference of a circle BCD, described 
from P the foot of the perpendicular as a centre^ There- 
fore a point A being given out of a plane, the point P at 
which the perpendicular drawn from A would meet that 
plane, may be found by marking upon that plane three 
points B, C, D, equally distant from the point A, and then 
finding the centre of the circle which passes through these 
points : this centre will be P the point sought. 

Schol. The angle ABP is called the indvnation of the 
oblique line AB to the plane MN ; which inclination is 
equal with respect to all such lines AB, AC, AD, as are 
equally distant from ^^^ perpendicular ; for all the triangles 
ABP, AOP, ADP, &c, are equal to each other. 
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PROPOSITION VI. 

Theorem, If,frQm a point without a 'plane^ a perpendiculdt 
he dravm to that plane^ and from the foot of the perpen» 
dicular a line he drawn perpeTidicular to a line in the 
plane, and from the point of intersection a line he dravm 
to the first poiTtt, this last line mil he perpendicular to the 
Ifne in the plane. 

Let AP be a line perpendicular 
Xo the plane MN, and PD perpen- 
dicular to BC ; then will AD be 
perpendicular to BC. 

Take DB =^ DC, and join PB, 
PC, AB, AC. Since DB = DC, the 
two right-angled triangles PDB, PDC are equal, and 
PB = PC ; and with regard to the perpendicular AP, 
since PB = PC, the oblique line AB = AC (B. VI, Prop, 
v) ; therefore the two triangles ADB, ADC have the three 
sides of the one equal to the three sides of the other ; 
consequently they are equal (B. I, Prop, viii), and the 
angle ADB is equal to ADC ; therefore^each is a right 
angle, and AD is perpendicular to BC (Def. X). 
I Cor, It is evident, likewise, that BC is perpendicular to 
the plane APD ; since BC is at once perpendicular to the 
two straight lines AD, PD (B. VI, Prop. rv). 

Schol, The two straight lines AE, BC afford an instance 
of two lines which do not meet, because they are not 
situated in the same plane» The shortest distance between 
these lines is the straight line PD, which is perpendicular 
both to the line AP and to the line BC. The distance PD 
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is the shortest between these two lines ; for if we join 
any other two points, such as A and B, we shall have 
AB > AD, AD > PD ; therefore AB > PD. 

The two lines A£, CB, though not situated in the same 
plane, are conceived as forming a right angle with each 
other, because AD and thie line drawn through one of its 
points parallel to BC would make with each other a right 
angle. In the same manner, the line AB and the line PD, 
which represent any two straight lines not situated in the 
same plane, are supposed to form with each other the same 
angle which would be formed by AB and a sttaight line 
parallel to PD drawn through one of the points of AB. 



PROPOSITION VII. 

Theorem. Iforu of two parallel lines is perpendicular to a 

plane, the other vnll also be perpendicular to this plane. 

Let AP & ED be parallel lines, 
of which AP is perpendicular to the 
plane MN ; then will ED be also 
perpendicular to this plane. 

Along the parallels AP, DE, ex- 
tend a plane ,; "its intersection with 
the plane MN will be PD. In the 
plane MN draw BC perpendicular lo PD, and join AD. 

Then BC is perpendicular to the plane APDE (B. VI, 
Prop. VI, Cor.) i and therefore the angle BDE is right. 
But the angle EDP is right also, since AP is perpendicular 
to PD, and DE parallel to AP ; therefore the line DE is 
perpefndicular to the two straight lines DP, DB ; therefore 
it is perpendicular to their plane MN% 
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Cor. 1. Conversely, if the straight lines AP, DE are 
perpendicular to the same plane MN, they will be paral- 
lel. For, if they be not so, draw through the point D a line 
parallel to AP : this parallel will be perpendicular to the 
plane MN ; therefore through the same point D more than 
one perpendicular might be drawn to the same plane^ 
which (B. VI, Prop, iv. Cor. 2) is impossible. 

Cor. 2. Two lines A and B, parallel to a third line C, are 
parallel to each other. For, conceive a plane perpendicular 
to the line C : the lines A and B, being parallel to C, will 
be perpendicular to the same plane ; therefore, by the 
preceding corollary, they will be parallel to each" other.. 

When the three lines are in the same plane, the casd 
falls under Book I, Prop, xxi* 




PROPOSITION virt. 

Theorem. If a straight line voithout a plane is parallel td 
a like within the plane^ it is parallel to the plan£ itself* 

Let the straight line AB^ without 
the plane MN, be parallel to the 
line CD of this plane ; then will AB 
be parallel to the plane MN. 

For if the line AB, which lies in 
the plane ABDC, could meet the plane MN, this could 
only be in some point of the line CD, the common inter- 
section of the two planes ; but AB cannot meet CD, since 
they are parallel ; hence it will not meet the plane MN ; 
therefore (Def. 5) it is parallel to that plane. 

Q 
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PBOPOSITION IX. 

Theorem. If two 'planes are perpendicular to the same line^ 

. they are parallel. 

Let the planes MN and PQ be 
each perpendicular to AB ; then 
will they be parallel. 

For, if they can meet anywhere, 
let O be one of their common points, 
and join OA, OB. The line AB, 
which is perpendicular to the plane 

MN, is perpendicular to the straight line OA drawn 
through its foot in that plane. For the same reason, AB 
is perpendicular to B0^. Therefore OA and OB are two 
perpendiculars drawn , from the same point 0, upon the 
same straight line, which is impossible ; therefore the 
planes MN, PQ cannot meet each other, and consequently 
they are parallel. 




PEOPOSITION X. 

Theorem. The irderstction of two parallel planes with a 

third plane tvill he parallel. 

Let the two parallel planes MN 
and PQ intersect the plane EH ; 
then will EF be parallel to HG. 

For, if the lines EF, GH, lying 
in the same plane, were not pa- 
rallel, they would meet each other 
when produced ; therefore the planes MN, PQ, in which 
those lines are situated, would also meet ; therefore the 
planes would not be parallel. 




BOOK YI. 



183 



M 



N 



PROPOSITION XI. 

Theobem. a li7ie which is perpendicular to one of two 
parallel planes^ is perpendicular to the other also. 

Let the two planes MN & PQ 
be parallel ; then if the line AB 
is perpendicular to the plane MN^ 
it will also be perpendicular toPQ. 

Having drawn any line BC in 
the plane PQ, along the lines AB 
and BC extend a plane ABC, intersecting the plane MN 
in AD ; the intersection AD will be parallel to BC (B. VI, 
Prop, x).- But the line AB, being perpendicular to the plane 
MN, is perpendicular to the straight line AD ; therefore 
also to its parallel BC. Hence the line AB, being per- 
pendicular to any line BC drawn through its foot in the 
plane PQ, is consequently perpendicular to that plane. 



PBOPOSITION XII.. 

Theorem. Tu» parallel lines^ included between two parallel 

planeSj are equal. 

Let EG, FH be two parallel 
lines included between the two 
parallel planes MN, PQ ; then / 
will these lines be equal. 

Through the parallels EG, FH, 
draw the plane EGHF to miset o 
the parallel planes in EF and GH. The intersections EF, 
GH (B. VI, Prop, x) are parallel to each other ; so like- 
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wise are EG, FH : therefore the figure EGHF is a pa- 
rallelogram, and EG = FH. 

Cor. Hence it folFows that two 'parallel planes are every 
where, equidistant ; for if EG and FH are perpendicular 
to the two planes MN, PQ, they will be parallel ta each 
other (B. VI, Prop, vii, Cbr. 1), and therefore equal; 



, PROPOSITION XIII. 

Tbeobem. If tioo angleSy not situated in the same plane^ 
have their sides parallel and lying in the same direction^ 
they will be equals and the planes in which they are si- 
tuated will be parallel. 
Let CAE, DBF be two angles not 
situated in the same plane, having 
AC parallel to BD and lying in the 
same direction, and AE parallel to 
BF and also lying in the same di- 
rection ; then will these angles be 
equal, and their planes will ^e parallel. 

Make AC = BD, AE = BF ; and join CE, DF, AB, 
CD, EF. Since AC is equal and parallel to BD, the figure 
ABDC is a parajlelogram ; therefore CD is equal and 
parallel to AB. For a similar reason, EF is equal and 
parallel to AB ; hence also CD is equal and parallel to 
EF. The figure CEFD is therefore .a parallelogram, and 
the side CE is equal and parallel to DF ; therefore the 
triangles CAE, DBF have their corresponding sides equal, 
and consequently the angle CAE = DBF. 

Again, the plane ACE is parallel to the plane BDF. 
For^ suppose the plane parallel to BDF, drawn through 
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the point A, were to mieet the lines CD, EF in points dif- 
ferent from C and £, for instance in G and H ; then 
{B. VI, Prop. Ill) the three lines AB, GD, HF would be 
equal. But the lines AB, CD, EF are ahready known to 
be equal ; hence CD =^ GD, and HF = EF, which is 
absurd : hence the plane ACE is parallel to BDF. 

Cor. If two parallel planes MN, PQ are met by two 
other planes CABD,.EABF, the angles CAE., DBF formed 
by the intersections of the parallel planes will be equal ; 
for (B. VI, Prop., x) the intersection AC is parallel toBD, 
and A£:to BF,, and therefore the angle CAE ::=: DBF. 



PROPOSITION xnr.. 

Theoeem; TjT three straight lines ^ not situated in the same 
pTanei «^« equal and parallelj, the triangles formed by 
joining their corresponding opposite extremities tcill he 
equal J and their planes will he parallel. 

Let ACE, BDF be two triangles 
formed by joining the opposite 
extremities of the three equal and 
parallel lines AB, CD, EF ; then 
will these triangles be equal; and 
their planes will be parallel. R' 

For, since AB is equal and parallel to CD, the figure 
ABDC is a parallelogram; hence the side AC is equa. 
and parallel to BD. For a like reason, the sides AE, BF 
are equal and parallel; as also CE, DF. Therefore the 
two triangles ACE, BDF are equal ; and, consequently, 
as in the last proposition, their planes are parallel. 

Q2 
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nOPOSITION XT. 

t 

Theoeem. Ttoo straight lines^ included hetvoeen three 
parallel 'planes^ are cut proportionally. 

Suppose the line AB to meet 
the paraUel planes MN, PQ, RS 
at the points A, E, B ; and the 
line CD to meet the same planes' 
at the points C, F, D : then 

AE : EB : : CF : FD. /" 

Draw AD m<eeting the plane s^ — 
PQ in G, and join AC, EG, GF, BD. The intersections 
EG, BD of the parallel planes PQ, RS in the plane ABD, 
are parallel (B. VI, Prop, x) ; therefore 

AE : EB : : AG : GD. [B. IV, Prop, i.] 

In like manner, the intersections AC, GF being paral- 
lel, AG : GD r : CF : FD. 
The ratio AG : GD is the same in both ; hence 

AE : EB : : CF, : FD. 




FROFOSITION XTl. 

Theorem. If a straight line is perpendicular to a plane, 

then every plane passing through this line toill also be 

perpendicular to the first plane. 

Let the line AP be perpendicu- 
lar to the plane MN; then, any 
plane, as AB, passing through this 
line, will also be perpendicular to 
the plane MN. 

For, let BC be the intersection ^ 
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of tiie pknes AB, MN. Ib the plane MN drair DE per- 
pendicular to BP ; then the line AP, being perpendicular 
to the plane MN, will be perpendicular to each of the two 
straight lines BC, D£. But the angle APD^ formed by the 
two perpendiculars PA, PD at their common intersection 
BP, is the measure of Xhe angle of the twa planes (B.. VI, 
Def. 4) ; and since in the present case the angle is a right 
angle, the two planes are perpendicular to each other. 

Scholium. "When the three lines such as AP,. BP> DP 
are perpendicular to each other, each of these lines is 
perpendicular to the plane of the other two, and the planes 
themselves are perpendicular to each other^ 



PBOPOSITION ITII.. 

Theorem. If tivo planes are perpendicular to each other y 
every line dratvn in one of them perpendicular to their 
common interseotion^ tmll be perpendicular to the other 
plan^. 

Let the planes AB^ MN be per- 
pendicular to each other; and in 
the plane AB, let PA be drawn 
perpendicular to the common in- 
tersection PB ; then will it be n^ 
perpendicular to ^he plane MN. 

For, in the plane MN draw PD perpendicular to PB ; 
then because the planes are perpendicular, the angle APD 
is a right angle : therefore the line AP is perpendicular 
to the two straight lines PB, PD, and consequently per- 
pendicular to their plane MN,. 




*"^ 



188 



■X.BMBim OF OEOMSTAT. 



Cor. If the plane AB be perpendicular to the plane 
MN, and if at a point P of the common intersection a 
perpendicular he drawn to the plane MN, that perpendi- 
cular will be in the plane AB. For, if not, then in the 
plane AB we might draw AP perpendicular to PB their 
common intersection, and this AP at the same time would 
be perpendicular to the plane MN ; therefore at the same 
point P there would be two perpendiculars to the plane 
VN, which is impossible.. 



PROPOSITION XVIII. 

THEOREM. ^ two planes he perpendicular to a third planey. 
their common intersection will he also perpendicular to the 
third plane. 

Let AB, AD be perpendicular to. 
MN; then will their common inter* 
section AP be perpendicular to the 
same plane MN. 

For, at the point P draw the per- 
pend iculieir to the plane MN; then 
that perpendicular must be in the plane AD, as also in AB 
(by the last proposition); therefore it is their common 
intersection AP. 
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PEOPOSITION XIX. 

Theo:bem. If a solid angle is formed hy three 'plane angles^ 
the sum of any two of these angles mil be greater than 
the third. 

The proposition requires de- 
monstration only when the plane 
angle, which is compared to the 
sum of the other two, is greater 
than either of them. Therefore 
suppose the solid angle S to be 
formed by three plane angleSv 
ASB, ASC, BSC, whereof the angle ASB is the greatest; 
we are to show that ASB < ASC + BSC. 

In the plane ASB make4he angle BSD = BSC ; draw 
the straight line ADB at pleasure ; and, having taken 
SC = SD, join AC, BC. 

The two sides BS, SD are equal to the two BS, SC ; 
the angle BSD=BSC ; therefore theT triangles BSD, BSC 
are equal, and BD=BC. But AB < AC -f BC : taking 
BD from the one side, and from the other its equal BC, 
there remains AD < AC. The two sides AS, SD are equal 
respectively to the two AS, SC ; the third side AD is less 
than the third side AC ; therefore the angle ASD<ASC. 
Adding BSD ^ BSC, we shall have ASD + BSD or 
ASB <"ASC + BSC. 
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PBO?0SITI0IC XX.. 

Theoeem. The sum of the plane angles which form a solid 
angle, is always less than four right angles. 

Concefve the solid angle S to be cut by 
any plane ABODE : from O a point in 
that plane, draw to the several angles 
straight lines AO, OB, OC, OD, OE. 

The sum of the angles of the triangles 
ASB, BSG, dec. formed about the vertex 
S, is equivalent to the sum of the angles 
of an equal number of triangles AOB, BOC, &c. formed 
about the point O. But at the point B the angles ABO» 
OBC taken together, make the angle ABC ^B. VI, Prop, 
xviii) less than the sum of the angles ABS,- SBC. In the 
same manner, at the. point C we have BCO -j- OCD < 
BCS + SOD ; and so with all the angles of the polygon 
ABCDE. Whence it follows that the sum of all the angles 
at the bases of the triangles whose common vertex is in O, 
is less than the sum of all the angles at the bases of the 
triangles whose common vertex is in S : hence, to make 
up the deficiency, the sum, of the angles formed about the 
point O is greater than the sum of the angles about the 
point S. But the sum of the angles about the point O is 
equal to four right angles ( B. I, Pcop. i, Cor. 3) ; there- 
fore the sum of ih^ plane angles, which form the solid 
angle S, is less than four right angles. 

SchoL This demonstration is founded on the supposition 
that the solid angle is convex, or that the •plane of no one 
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surface produced can ever meet the solid angle. If it were 
otherwise, the sum of the plane angles would no longer 
be limited, and might be of any magnitude. 




PEOPOSITION XXI. 

Theobem. If, two solid angles are composed of three plane 
angles respectively equal to each other, the plants which 
coxttain the equal angles will he equally inclined to each 
other. 
Let the angle ASC=DTF; 
the angle ASB=DTE; 
and the angle BSC=ETF; 
then will the inclination of 
the planes ASC, ASB be 
equal to that of the planes 
DTF, DTE. 

Having taken SB at pleasure, draw BO perpendicular 
to the plane ASC ; from the point '0 at which that per- 
pendicular meets the plane, draw OA, OC perpendicular 
to SA, SC ; join AB, BC ; next take TE = SB ; draw 
EP perpendicular to the plane DTF ; from the point P 
draw PD, PF perpendicular to TD, TF ; lastly, join DE, 
EF. 

The triangle SAB is right-angled at A, and the triangle 
TDE at D ; and since the angle ASB = DTE, we hare 
SBA = TED. Likewise SB = TE ; therefore the triangle 
SAB is equal to the triangle TDE ; therefore SA = TD, 
and AB = DE. In like manner it may be shown that 
SC=TF, and BC=EF. That granted, the quadrilateral 
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SAOC is equal to the quadrilateral TDPF ; for, place tke 
angle ASC upon its equal DTF ; because SA=TD, and 
SC=TF, the point A will coincide with !>, and the point 
C with F ; and at the same time AO, which is perpendi- 
cular to SA, will coincide with PD which is perpendicular 
to TD, and in like manner GO with FP ; wherefore the 
point O will coincide with the point P, and AO will be 
equal to DP. But the triangles AOB, DPE are right- 
angled at O and P ; the hypothenuse AB = DE, and the 
side AO = DP : hence those triangles are equal ; there- 
fore the angle AOB.= PDE. The angle OAB is the in- 
clination of the two planes ASB,, ASC, and- the angle 
PDE is that of the two planes DTE, DTF : hence these 
two inclinations are equal to each other. 

It must, however, be^ observed, that the angle A of the 
right-angled triangle AOB is properly the inclination of the 
two planes ASB, ASC, only when the perpendicular BO 
falls on the same side of SA as SC falls ; for if it fell on 
the other side, the angle of _the two planes would be obtuse, 
and, added to the angle A of the triangle OAB, it would 
make two right angles. But, in the same case, the angle 
of the two planes TDE, TDF would also be obtuse, and, 
added to the angle D of the triangle PDE, it would make 
two right angles ; and ' the angle A being thus always 
equal to the angle at D, it would follow, in the same 
manner, that the inclination of the two planes ASB, ASC 
must be equal to that of the two planes DTE, DTF. 

Scholium relative to the measure qf solid angles^ A more 
general definition of solid angles than that given at the 
commencement of this book, is, that a solid angle is the 
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angular space included between several plane surfaces^ 
or one or more curved surface meeting in the point which 
forms the sumihit of the angle. 

According to this definition; solid angles bear just the 
same relation to ,the. surfaces which ^comprise them, as 
plane angles do to tj^e lines by which they are included $ 
so that, as in the latter, it is not the magnitude of the 
lines, but ^their mutual inclination which determines the 
angles,; so, in the former, it is not the ma^itude of the 
planes, but their mutual inclination which determines th« 
solid angles. According to this view of the subject, the 
spherical surface described about the pummitof any solid 
angle as a centre, will become a. measure of that angles; 
as the circular arc id employed to measure and to compare 
rectilinear angles. Let us imagine, in the first place, such 
a sphere to be described about any given solid angle 
comprised under -three plane angles, and that those planes 
are produced till they cut the jsurface of the sphere ; then 
will the surface of the spherical triangle included between 
those planes be the measure^ or may be assumed as the 
measure, of the solid angle made by the planes at* the 
commpn point of meeting; for' no change can be conceived 
in the relative position of the bounding planes; that is, in 
.the magnitude of the solid angle, without a corresponding 
and proportional mutation in the surface of th6 spherical 
triangle. And if, in like manner, the three or more plane 
surfaces comprising another solid angle be produced till 
they cut the surface of the same, or of an equal sphere, 
whose centre coincides with the summit of the angle, thfe 
surface af the spherical triatigle or polygon included be- 

R 
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tween the planes which detennine the angle, will, in like 
manner, be a correct measure of that angle ; and the ratio 
which subsists between the areas of these triangles and 
polygons, or other surfaces thus formed, will be accurately 
the ratio which subsists between the tolid angles con- 
stituted by th^ meeting of the sevetal planes or surfaces 
at the centre of the sphere. 

It will, of course, be understood, that this measurement 
has only a relation to the magnitude of the angles. It has 
no reference to their geometrical properties, which may 
be very different, although' their magnitudeOi as abore 
estimated, may be the same. 
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DBFINITIONS. 

1. A prism ia a solid contained by plane figures, ot 
which two tha^are opposite are eqaal; similar, and parallel 
to one another; and the others are parallekgrams. To 
construct this solid, let ABODE be any rectilineal figure* 
In a plane parallel to ABC, draw . 
the lines FG, GH, HI, &c. parallel 
to the sides AB, BG, CD^ &c. ; 
thus there will be formed a figure 
F6HIK, similar to ABODE. Now 
let the vertices of the Gorres|)onding 
angles be joined by thev lilies AF, 
BG, CH, &c.; the faces ABGF, 
BOHG, &c. will evidently he pa- 
rallelograms, and the ^olid thus 
formed will be a prism. 

2. The equal and parallel, plane figures ABODE, 
FGHIKare called the bases of the prisni. The other planes 
or parallelograms, taken together, constitute the lateral 
or convex surface of the prism, 

3. The altitude of &fTism. is the perpendicular distance 
between its bases ; and its length As a line^ equal to any 
one of its lateral edges, as AF or BG, &c. 
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4. A right prism is one in wkich the lateral edges AF, 
BO, kc. are perpendicular to the planes of its bases ; then 
each of them is equal to the altitude of the prjism : in 
every other case, the prism is oblique. 

6. A prism is triangular^ quadrangular^ pentagandly 
etc., according as the base is a triangle, a quadrilateral, 
a pentagon,' etc. ' 

6. A prism which iias a parallelo- 
gram for its base, has all its faces 
parallelograms, and is called a pa* 
raUdopipedbn. A parallelopipedon is 
rectangtUart when all its faces are 
rectangles. 

7. When ,the faces of a rectangular parallelopipedon 
are square, it is called -a euhe, 

8. A pyramid is a solid formed by 
several triangular planets which meet in 
a point, as S, and termiiiate in the Bame 
plane rectilineal figure ABODE. 

The plane ^gure ABCDE is calbd the 
tase o£ the pyramid ; the point S is its 
vertex ; and the triangles ASB, BSC, &c. taken together, 
form the convex or lateral surface of the pyramid. 

" 9. The altitude of a pyramid is the perpendicular drawn 
from the vertex to the |)lane of its base, paroduced if ne- 
cessary* ' \ , 

10. A pyraihid is triangular^ quadrangular^ etc., ac- 
cording as its base is a triangle, a quadrangle^ etc.* 

11. A pyramid is regular, when its base is a regular 
figure, and the perpendicular from its vertex passes through 
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the centre of its base ; that is, through the centre of a 
circle which may be ^conceived jto circumscribe its base. 
12. Two solid^ are similar, when they are contained by 
the same number of similar planes, similarly situated, and 
having like inclinations to one another. 

* • • 

{>B0P0SITION I. 



Theorem. Ttoo prisms are equal, when a solid angle in each 
is contained hif three. planes, which are equal in both, and 
similarly situ^Ued^ 




Let the base ABODE be equal to the base, abcde ; the 
parallelogram ABGF equal to the parallelogram ahgf, 
atid the parallelogram BCHG- equal to the parallelogram 
bchg :. the^n will the prism~ ABGI be equal to the prism 
ahci* 

For, apply the base ABODE upon its equal^ dbcd^, so 
that the bases (being equal) may coincide. But the three 
plane. angles which form the solid angle B are respectively 
equal to the three plane angles which form the solid angle 

R2 
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b : that is, ABC = dbc, ABG = ahg, and GBC = ghc, 
and they are also similarly situated ; therefore the solid 
•ngles B and C are equal (B. VI, Prop. zxi),.and there- 
fore BG will coincide with its equal hg. And it is likewise 
evident, because the parallelograms ABGF and qhgf are 
equal,, that the side GF will coincide with its equal gf^ 
and in the same manner GH with gh ; therefore the upper 
base FGHIK will coincide with its equal fghik^ and the 
two solids witt be identical, since their vertices are the 
same. 

Cor. Ttoo right prisms, which kofce equal bans and equal 
tdtitudeSj are equal., For^ since the side AB is equ^l to ah^ 
and the altitude BG to hg, the rectangle ABGF will be 
equal to a^/, and, in the same way, the rectangle BGHC 
will be equal to. hghc ; and thus the three planes which 
form the solid angle B will be equal to the three planes 
which form the solid angle h : hence the two prisms are 
equal. 



PROPOSITION II. 



Theobem. In every parallelopipedon, the opposite planes are 

equal and parallel. . 

By the definition of this solid, 
the bases ABGD, EFGH are equal 
parallelograms, and their sides are 
parallel : it remains only to show 
that the same is true of any two 
opposite lateral faces, such ^ as 
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AEHD^ BFGC. Now AD is eqnal and parallel to BC, 
because the figure ABGD is a parallelogram ; for a like 
reason > AE is parallel to BF : hence the angle DAE is 
equal to the angle OBF, and the planes DAE^ CBF are 
parallel ; hence also the parallelogram DAEH is equal to 
the parallelogram CBFO. In the same way, it may be 
shown that the opposite parallelograms ABFE, DG6H 
are equal and paralleL 

Cor. Since the pajallelopipedon is a solid bounded by 
six planes, whereof those lying opposite to each other are 
equal and parajlel,. it follows that any face and the one 
opposite to it may be assumed as the bases of the paralle- 
lopipedon. 

Scholium. If three straijght Mnes AB, AE, AD, passing 
through the same point A, and making given angles with 
each other, are Jcnown, a parallelopipedon may be formed 
on those lines. For this purpose, a plane must be extended 
through the extremity of each lioe, and paarallel to the 
plane of the other two ; that is, through, the point B a 
plane parallel to DAE, through D a plane parallel to BA£, 
and through E a plane parallel to BAD. The mijtual in* 
tersection& of these planes will form, the parallelopipedon 
required. . ^ 
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PB0P08ITI0N III. 

Theoeem. Jh every prism, the sections formed by parallel 

plqnes are eqiud polygons. 

In the ' prism ABCI, let the- sections 
NOPQR, STVXY be formed by paral- 
lei planes ; then will these sections be 
equal polygons. 

For the sides ST, NO are parallel, 
being th^ intersections of two parallel 
planes with a third plane ABGF ; 
moreover the sides ST,^0 are included 
between the pari^Uels NS, OT, which 
are sides of. theV prism : hence NO is 
equal to ST. Folr like reason*, the sides 
OP, PQ, QR, &c. of the section NOPC^R, are respectively 
equal to the sides TV, VX, XY, &c. of the section STVXY; 
and since the equal si^es are at the same time parallel, it 
follows that the angles NOP, OPQ, &c. of the first section 
are respectively equal to the angles STV, TVX,. &c. of 
the second : hence the two sectioni^ NOPQR, STVXY 
are equal polygons. 

Cor.. Every section in a prism, if made parallel to. the 
bai^e, is also equal to that ba9e. 
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PBOPOSITIOIff IV. 

Theorem. If a plane be made to pass through the diagonal 
and opposite edges of a parallehpipedon^ so as to divide 
it into two triangular prisms^ those prisms are equal. 

Let the parallelopipedon ABOG 
be diTided by the plane BDHF into 
the two triangular prisms ABDHEF » 
BCDFGH; then will those prisms . 
be equal. 

Through^ the vertices B and F, 
draw the planes Ba<2c, Fehg^ at 
right angles to the side >BF, and 
meeting AE, DH, CG, the^ three 
other sides of the parallelopipedon, 
in the points a, <2, e towards one . " 

direction, and in e, A, g towards the other : then the sec* 
tions Ba^Cy Fehg will be equal parallelograms j being 
equal, because they are formed by planes perpendicular 
to the same straight line, and consequently parallel ; and 
being parallelograms, because aB, dc^ two opposite sides 
of the same section; are formed by the meeting of one 
plane with two parallel planes ABFE, DCGH. 

For a like "reason, the figure Ba^F is a parallelogram ; 
so also are BF^c, cdhg and adlte,^ the other lateral faces of 
the solid BadcYehg : hence that solid is a prism (Def. 4 ) ; 
and that prism is a right one, because the side BF is 
perpendicular to its base. 

This being {Proved, if the right prism BA be divided by 
the plane BFHD into two right triangular prisms aB^FA, 
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IRdcFhgf It will remain to be shown that the oblique tri- 
angular prism ABDEFH vril^ be equal to the right tri- 
angular prism oBdeFh ; and since those. two prisms have 
a part ABDAeF in common, it will only be requisite to 
prove that the remaining parts, namely, the solids BaADd, 
FeEHA, are equal. ' 

Now, by reason of the parallelograms ABPE, oBFe, 
the sides A£, ae, bemg equal to iheir parallel BF, are 
equal to each other ; and taking away the common part 
Ae, there remains Aa=:Ee. In the same manner we could 
prove p<^=HA. 

Let us now place the base Feh oh its equal Bad; the 
point e coinciding with a, and the point h with d, the sides 
eE, hH will coincide with their equals' aA, <ID, because 
they are perpendicular to the same plane Bad. Hence the 
two solids in question will coincide exactly with each 
other, and the oblique prism BADFEH is therefore equal 
to the right one BadFeh. 

_ V 

In the same manner might the oblique prism BDCFH6 
be proved equal to the right prism BdcFhg. But (B. VH, 
Prop, i) the two right prisms BadFek^ BdcFhg are equal, 
since they have the same altitude BF, and since their 
bases Bad, Bdc are halves of the same parallelogram. 
Hence the two triangular prisms BADFEH, BDCFHG, 
being equal to the equal obb'que prisms, are equal to ea^h 
other. 

Cor. Every triai^gular prism ABDH]E!F is half of the 
parallelopipedon AG described on the same solid angle A, 
with the same edges AB, AD, AB. 
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PftOPOSITION V. 

Theobem. Tioo parallelopipedons having a common hase^ 
and their upper hoses in the same plane and between the 
same parallels, are equal to each other. 

Let the two parallelopijpedons 
AGj AL have the common base y/x. - |/^-./j 
ABCD ; and let their upper bases 
EFGH, IKLM be in the same 
plane, and between the same 
parallels CE, HL : then will 
these parallelopipedons be equal. 

There may be three cases to this proposition, accotding 
as £1 is greater, less than, or equal to EF ; but the de- 
monstration is the same for all. In the first place, then, we 
shall show that the triangular prism A£)IDHM is equal to 
the triangular prism BFKCGL. 

Since AE is parallel to BF, and HE to GF, the angle 
AEI=BFK, IffiI=GFK, and HEA=GFB. Of these six 
angles, the ^rst three form the solid angle E, and the last 
three the solid angle F ; therefore, the plane angles being 
respectively equal and siijiilarly arranged, the solid angles 
F and E must be equal. Now, if the prism AEM be laid 
on the prism BFL, the base AEI, beiiig placed on the base 
BFK, will coincide with it, because they are equal ; an4 
since the solid angle £l is equal to the solid angle F, the 
side EH will coincide with its equal FG ; and nothing 
more is required to prove the coincidence of the two prisms 
throughout their w^ple extent, for (B. VII, Prop, i) the 
base AEI and the ectge EH determine the prism AEM, as 
the base BFE and the edge FG determine the prism BFL : 
hence these ptisms are equal. 
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But if the prism AEM ia taken away from the solid AL, 
there will remain the parallelopipedon AIL ; and i£ the 
prism BFL is taken away from the same solid, there will 
remain the parallelopipedon AEG : hence these, two 
parallelopipedons AIL, AEG are equal. 



PROFOSITION VL 



THEOitEM. Ttoo par atldopipedons having the same ha^e and 
same altitude^ are equal to each mtker. 



H 







Let ABCD l)e the common base of the two parallelo- 
pipedons AG, AL : since they have the same altitude, 
their upper bases EFGH, IKLM will be in the same plane. 
Also the sides EF and AB will be equal and parallel, as 
well as IK and AB ; hence EF is equal and parallel to 
IK : for a like reason, GF is equal and parallel to LK. 
Let the sides EF, HG be produced, and likewise LK, IM, 
till, by their intersections, they form the parallelogram 
NOPQ : thia parallelogram will evidently be equal to 
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either of the b^se^ EFGH," IKLBf . Now if, a -third paral- 
lelopipedon be conceived^ haTing ABCl) for its lower ba*e 
and NOl?Q for its ttpper^ this thiid paralleiopipedon will 
(B. Vn, Prop, rj be equal to the paralleiopipedon AG; 
since, with the satne lower base, their upper bases lie in 
the same pl^ne and between, the same, parallels GQ, FN. 
For the same reason, this 4bird paralleiopipedon will also 
be equal, to '^he paralleiopipedon AL : henoe the two 
parallelopipedonsAG^AL, which have the ssonebase and 
the sanHe'altitude^are ecjuak 



' / « 



. PKOPOSITiON Vlj^, 

Th£ob£M. Any- 'paraildopi'pfidon' may be changed into aUt 
equal rectangular paralleiopipedon having the same cdtv- 
tude and qinequdt base. . ^ - . ' ^ - _ 

Let AG be the q ' p" ' h -• Q 

pa^a-llelopfipedon , - V T .\ ^ /\ /\ 

proposed. From the *^»^ -^^^ '^ — "^^^ ^^ ^^ 

p[oi^t» A, B, C, D^ 

draw AI, BK, GL, 

DM perpendicular 

to the plane of the^ 

b^se,; and we shall 

thus , form the- pa- 
ralleiopipedon Ail : 

^qual to AGJ and 

having its lateral 

faces AK, BJi, &c. rectangular. HenCe if the base ABCD 

be a rectangle,. AL will be the rectangular parallel(^ipe- 

don equal to AG th^pui^allelopipedoa proposed, 

s . "■ 
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But if ABCD is not a rectanglei draw 
AO and BN perpendicular to GD, and 
OQ and NP perpendicular to the base ; 
then the solid ABNOIPQ will be a 
rectangular parallelopipedon : fo)r, by 
construction, the base ABNO and its 
opposite IKPQ are-rectangles ;• so also, 
are the lateral faces, the edges AI, OQ, i, 
&c« being perpendicular tO: the plane of 
the base ', hence the solid' AP is a rec- 
tangular parallelopipedon. But the two parallelopipedons 
AP, A|j may be conceived as having the same base ABKI, 
and the same altitude AQ. : 'hence the parallelopipedon 
AG, which was at first xhanged ipto'an equal parallelo- 
pipedon AL, |s again changed into an equal rectangular 
parallelopipedon AP, having the samo altitude AI, and a 
base ABNO equal to the base ABCD. 
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Theobem. TtDO rectangular pardll^optpedons having the 
same base^ are to each other as their altitudes* 

Let the parallelopipedons AG, AL 
have the common base ABCD ; then 
will they be to each other as their -alti« 
tudes AE,'AL , ; 

First, suppose tlie altitudes AE, AI 
\o be. to each other as two whole nuin-' 
hers ; for example, as 15 is to 8. Divide 
AE into 15 equal parts; whereof AI 
will contain 8; and through a:,- y^ 2f,&c. 
the points of division, draw planes pa- - 
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railel to the base. These planes will Cut the solid AG into 
15 partial parallelppipedons, all equal to each other, having 
equal ba^es and equal altitifdes : equal bases, Ibecause 
every section MIEL, made parallel to the base ABCD of 
a prism, is equal to that base (fi, VII, Prop, iii, Cor.); 
£ind equal altitudes, because these altitudes are the same 
divisions Ao;, ary,. yZf &c. But of those 15 equal parallelo- 
pip^dons, 8 are contained in AL : hence the solid AG is 
to the solid AL as 15 is to 8 ; or> generally, as the alti- 
tude AE is to the altitude AL ' r • 

Again, if the ratio of AB'to AI cannot be^xpr^ssed in 
numbers, it is tobfe shown that, notwithstanding, we shall 
have - solid AG -?• solid ALv: : AE : AL 

For, if this proportion is not coarrect, suppose we have 
solid AG ;: solid AL : : AE : AO, greater than 
AI. Divide AE into equal parts, such that each shall be 
less than 01; there will be at least one point of divisicm 
m between and I; I^et P be the parallelopipedon,' whose 
base is AB<!^D and altitude Am, Sinc^ the altitudes AE, 
Am air^ to each other as fwd whole numbers, we shall 

have solid AG rP r; AE : Am.- t 

' ' ' ■ ■ ■ > , - .' . ' - 

But, by hypothesis, we have 

solid. AG : solid AL :: AE : AO; therefore, 
/ solid ALt P : : AO : Am. 
But AO is greater than Am /hence, if the proportion is 
correct, the solid AL must be greater than P. On the 
contrary, however, it is less ; hence th^ fourth term of this 
proportion, selid AG t solid. A^ • *. A.E : a?,. cannot pos- 
sibly be. a line greater than AL, 

By the same m6de of reasoning, it might be shown' that 
the fourth teTn\ cannot be. less than AI ; therefore it is 



208 



BLSMEim OF-OSOMXTBT. 



equal to AI. Hence rectangular parallelQpipedoQ& having 
the same hase, are to each other as their altitudes. 




PBOPOSITION IX'. 

Theorem. Tt^o rectungular' paraUdopipedms having the 
same aliiticde, are tq each other as their bases. 

Let this two rectangular pa- 
rallelopipedons AG, AE have 
the same altitude ; th^n will 
they be to each other as their 
haaes ABCO, AMNO. 

Produce the plane ONKL till 
it meets the plane DCGH.in 
PQ ;- we shall thus have a third 
paraltelopipedon AQ^ which ipay he compared with each 
of the parallelopipedons AG, AK, The two^solids AG, AQ 
having the same base AEHD,. are, to each oth^r as iheix 
altitudes AB, AO : In like manner, the two solids AQ, 
A:K having the same base AOLE, are to each other as 
their E^ltitudeis AD, AM". Hence- we. have the' two propor- 
tions - sol. AG :.sol. AQ : : AB : AO; . , 

sol. AQ ; soL'AK ! ; AD : AM. 
Multiply "together the corresponding terms of these pro- 
'portions, omitting in the result the common multiplier 
§pl. AQ : we shall have _ ., 

W.AG : soLAK : : A9 X AD : AO X AM. . 

But. AB.X AD represents the base ABCD, and AO X AM 
represents the base AMNO : hel^ce two rectangular pa- 
rallelopipedons of the same altitude are to each other as 
their bases. ■.- .' ~' 
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PftOPOSITIOlf 




Theobesc* Aiiy ttoo rectangular parallelopipedons are to 
each other as the products of their bases by their altitudes ; 
that is to sayy as the products of their three ddmensioiu. 
For, iiaving placed the two 

solids AG, AZ so that their suir 

faces hare the coiamon angle 

BA£, produce the iiiteriov planes 

necessary for contpleting the 

third parallelopipedon AK^ 

haying the same altitude with 

the parallelopiipedon AG. By 

the last proposition, we shall have 

soL AG : sol. AK : : ABCD t AMNQ. 

But the two paralktlopipedons AK,. AZ having the same 
base AMNO, are to each other as their altitudes AE, AX : 
hence we have 

3ol. AK : sol. AZ : : AE : AX. 

Multiply together tne -corresponding tierms' of these pro* 
portions, omitting in the result the common multiplier 
sol. AK : we shall have 

sol. AG : soL AZ r : ABCDXAE r AMNO X AX. 

Instead of the bases ABCD and AJMNO,. put AB X AD 
and AO X AM : it will give 

sol. AG : soLAZ r: ABxADXAE : AOxAMxAX. 

Hence any two rectangular parallelopipedons Jtre to each 

other, etc. 

S2 
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Scholium. We are consequently authorised to assume, 
as the measure of a rectangular parallelopipedon, the 
product of its base by its altitude ; in other words, the 
product of its three dimensions. 

In order to comprehend the nature of this measurement, 
it is necessary to reflect, that by the product of two or 
more lines is always meant the product of the numbers 
which represent them ; those numbers themselves being 
determined by their linear i^nit, which may be assumed 
at pleasure.. Upon this principle, the product of the three 
dimensions of a parallelopipedon is a nilmber, which 
signifies nothing of itself, and wouM be different if a dif- 
ferent linear unit had been assumed: but if the three 
dimensions of another parallelopipedon are valued ac- 
cording to the same linear unit, anii multiplied together 
in the same manner, the two products wiM be to each 
^her as. the solids, and will serve to express their relative 
raagnitude.. 

The magnitude of a solid, its volume or extent, form 
what is called its solidity ; and this word is exclusively 
employed to designate the measure of a solid : thus we 
say the solidity of a rectangular parallelopipedon is equal 
to the product of its base by its attitude^ or to the product 
of its three dimensions. 

As the cube has all its three dimensions equal, if the 
side is 1^ the solidity will be 1X1X1 = 1; if the side is 
2, the solidity will be 2X2X2 = 8 ; if the side is 3, the 
sciidity will be 3x3X3 = 27 ; and so on : henjce, if the 
sides of a series of cubes are to each other as the numbers 
1, 2, 3, &c.^ the cubes themselves (or their solidities) will 
be as the numbers 1, 8, 27, &;c. Hence it is, that in 
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anthmetic,. the aibe of a number is the name given to the 
product which results from three £eictors, each equal to 
this nunvber. 

If it were proposed to- find a cube double of a given 
cube,, the side of the required: cube would have to be to 
that of the given one» as the cube root of 2 is to unity. 
Now, by a geometrical construction, it is easy to find the 
square root of 2 ; but the cube root of it cannot be so 
found, at least not by the simple operations.of elementary 
geometry,, which consist in employing nothing but straight 
lines,, two. points of which are known,, and circles whose 
centres and radii are determined.. 

Owing to this diffic;ulty, the problem of the duplication 
of the cube became celebrated among the ancient geome- 
ters, as well as that of the triiection of an angUy which is 
nearly of the san^e species. The solutions of which such 
problems are susceptible;, have, however^ long since been 
discovered ; and though less simple than the constructions 
of elementary geonxetry, they are not, on thj^t account, 
less rigorous or less satisfai3;tory., ^ 



PROPOSITION^ XI. 



Theorem. The solidity of a paralldopipedonf and generally 
of any prisma is equal to the product of its base by its 
altitude. 

For, in the first place, any parallelopipedpn (B. VII, 
Prop, vii) is equal to a rectangular parallelopipedon having 
the same altitude and an equal base. Now the solidity of 
the latter is equal to its base multiplied by its height : 
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hence the solidity of the former is, in like manner; equal 
to the product of its base by its altitude. 

In the second place, and for a like reason, any rectan- 
gular prism is half of the parallelopipedon so constructed 
as to have the same altitude and a double base ; but the 
solidity of the latter is equal to its base multiplied by its 
altitude : hence that of a triangular prism is also equal 
to the product of its base multiplied into its altitude. 

In the third place, any prism may be divided into as 
many triangular prisms of the same altitude, as there are 
triangles capable of being formed in the polygon which 
constitutes its base : but the solidity of each triangular 
prism is equal to its base multiplied by its altitude ; and 
since the altitude is the same for all, it follows that the 
sum of all the partial prisms must be equal to the sum of 
all the partial triangles which constitute their bases, 
multiplied by the common altitude 

Hence the solidity of any polygonal prism< is equal to 
the product of its base by its altitude. 

Cor. Comparing two prisms which have the same alti- 
tude, the products of their bases by their altitudes will be 
as the bases sim^ply : hence two 'prisms of the same altitude 
are to each other as their bases. For a like reason, two 
prisms of the same base are to each other as their altitudes. 
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Theokem. Simitar prisms. are to one another as the cube of 

• - their horhologaus sides. 

Let P and p be tvro 
INrisms, of which BC, he 
are homologous asides : 
the prism P . is tp the 
prism p, as the cube of 
BC to the cube of he, 

Frotm A anji a, homo- 
logous angles of the two prism§, draw AH, oA' perpendi- 
cular to the bases BCD, hcd t join BH ; take B)2 = 5a, 
and in, the plane ^HA. draw t^h perpendicular to BH : 
then aA shall be perpendicular to the plane CBD, and 
equal to ah the altiiude of the^other prism; for if the solid 
angles B and h w6re applied the one to t^e other, the 
planer which contafn them, and consequently the per- 
pendiculars ah^ ah woifld coincide. 

Now because oi th,e similar triangles ABH, aftA, and 
the similar figures AC, ac, we have / '- 

, AH ; ah \*. AB \ ah i x HG i he ; 

and because of these siihilar bases, the ■- " ' 

base BCD : baar6 bed i : .BC» :. &c». [RiV, Prop.xvi.] 

Taking the product of the corresponding terms of these 
proportions, we Kave^ 

AH X base BCD : aAXbascM : : BC^ i hc\ - 
But AH X base BCD eitpresses the solidity of the prism P, 
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and ah X base bed exprpasee the sotidky of the othef prism 
p; therefore 

^ prism P : prism p : : B'C* : he*. . 



PROPOSITION XIII. 

THEOEEtf ;: The section formed hy catting a triangular 
pyramid hy a plane 'parallel to the base^ is sifnilar to 
the base. , , 

Let the triangular pyramid A - fiCD 
be cut by a plane parallel to the ba'se, 
forming the section FGH; then will 
this section be similar to the base BCD. 

For becanse the parallel planes BCD, 
FGH are cut by ^ third plaiie ABC, 
the sections FG, BG are parallel (B. 
VI, prop. x). In like manner, it appears that FH is pa- 
rallel to BD ; therefore Uie angle HFG is equs^l to the 
angle DBC (B. VI, Prop, xiii) ; and because the friangle 
ABC is similar to the triangle AFG, and the triaiigle ABD 
is similar to the triangle AFH, we have . 




BC : BA 
BA : BD 
BC : BD 



: FG : FA, and 

:^FA :.FH; therefdre 

:. TG : FH. 

Now the angle DBC has- been shownto be equal .to the 
angle HFG ; therefore the triangles DBC, HFG ate equi- 
angulair,(Bi IV, Prop. x). . . 
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PROPOSITION xrv. 





Theorem.' ijT tux) trian^laf pyfamid$\ which have equal 
bases avd equal .altitudes^ be cut by planes which are 
parallel to the bases, and at equal distances from them ; 
those Sections will he equal* 

r- • 

- . I \ « 

Let the two tri- 
a,Bgular jpyrami4s 
ABCD, abed, which 
have equal bases and 
altitudes, be. cut by 
planes parallel, to the 
bases and at. equal 
distances^ formhag the sections FGH, fgh ; then will these 
secticins" be equal. - 

Draw AKE, dke perperidicular to. th^ bases BCD, bed, 
meeting the cutting planes in K ^nd k ; then, because of 
the parallel planes, we have (B. VI, Prop, xv) 

AE : AK :<: AB : AF, and ae : ah : i ab V af ; 
but, by hypothesis, AE = ac, and AK ^=-alc.; therefore 

AB : AF : 1 aft : a/; 

Again, because of similar/ triangles, 
AB : AF : : Bfi. : FG, and ah : af :.: be : fg; 
and, hence, BC» : FG' 2 : >' : /g'' ; 
but, because of the similar triangles BDC, FGH, 

BC^ : ^i^G' :, : triangle BDC ' : triangle FHG. 
^nd, rn like manner, - , 

bi^, \ fg^ :■: triangle bdc : triangle /^^A ; therefore 

trian. BCD-: trian. PGfl : ,: trian; ftcd r trian./gA. 
Now trian. BCD == trian. bci. (by hypothesis) ;. therefore 
the triangle FHG is equal to thd triangle Jhgy, 
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SchoHufn^ It is easy to see, .that what is proved ia this 
and the preceding proposition^ is also true of polygonal 
pyramids. 



PBt)P08)TION IV. 

Theob^m. Two triangular 'pyramidi having equivalent 
bases and equ^d altitudes^ are equivaleMy «r eqtial in 
solidity. 




nk 



i9» 



9^ 



■/■ 



I 



\ - ^ 


VI 


\ 


// " 



Lei SABGy ^ahe Ve thos^ two pyramids ; let their 
equivalent bases ABC, ahc be situuted in ther same pliEine, 
and let AT be their eommon altitude. Xi they are not 
equivalent) let^ Sa&c be the. smaller; and suppose Ka to 
be the altitude of a prism, which, having ABC for its b^sid, 
is equul to their difference. 
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I Divide tlie altitude AT' into equal paits A^, xy^ pz, kc* 

each-less than Aa, and let k be one of those patts ; through 
the points of division, pass planes parallel to the plane of 
the bases :.the coiresponding sections fonhed by these 
planes in the two pyramids will be respectively equivalent 
(B. Vn, Pit)p. xiV), nataely, DEF fo *?«/, GHI to gki, fee. 
This being granted, Upon the triangles AfiC, DEF, 
GHI, fee. taken as bases, construct exterior prisms having 

I for edges the parts AD, DG, GK, fee. of the edge SA. In 

like manner, on the bases def^ ghi, klm, fee. in the second 
pyramid, construct interior ptisms, having for edges the 
corresponding parts of Sa. It is plain that the sum of all 
the exterior prisms of the pyramid SABO will be greater 
than this pyramid ; and, also, that the sum of all the in- 
terior prisms of the pyf ateiid Sabe will be less than this. 
Hence the diiSerence between the sum of all the exteHor 
prisms and the sum of all the interior ones, must be greater 
•than the difference between the two pyramids themselves. 
Now, beginning with the bases ABC, abc, the second 
exterior prism DEFG is equivalent to the first interior 
prism defa, because they hav% the Hme altitude k, ^nd 
their bases DEF, drf are equivalent : for like reasons, 
the third exterior prism GHIE, and the second interior 
prism ghid, aie equivalent; the fourth exteriot, and the 
third inteirior ; and so on, to the last in each series. Hence 
all the exterior pirisnls of the pyramid SABC, excepting 
the 6rst prism DABC, hate eqtiivalent Corresponding ones 

I in the interior prisms of the pyramid Sabc : hence the 

! prism DABC is the difference between the sum of all the 
exterior prisms of the pytlqilAid SABC, and the sum of all 

t 
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the interior prism* of the pyramid Sahc. But the difference 
between these two sett of prisms has already heen proved 
to. be greater than that of the two pyramids, which latter 
difference we supposed to be equal to the prism oABC : 
hence the prism DABG must be greater than the prism 
oABC ; but in reality it is less, for they have the same 
base ABC, and the altitude Ax of the first is less than Aa 
the altitude of the second. Hence the supposed inequality 
between the two pyramids cannot exist : hence the two 
pyramids SABG, So^c, having equal altitudes and equi« 
▼alent -bi^es> are themselves equivalent, 

psoFOsiTioN rvi. 

Thboksm. Every triangular pyramid i$ the third of the 
triangular prism having the sam£ base and altitude. 

Let FABC be a triangular p^nramid, 
ABGDEF a triangular prism of the same 
base and altitude : the pyramid will be 
equal to one-third of the prism. 

Conceive the pyramid FABC to be 
cut off from the prism by a section made 
along the plane FAC, and there will 
remain the solid F ACDE, which may be 
considered as a quadrangular pyramid whose vertex is F, 
and base the parallelogram ACDE. Draw the diagonal 
AD, and extend the plane FAD, which will cut the qua- 
drangular pyramid into two triangular onesFACD, FADE. 
These two triangular pyramids have for thek common 
altitude the perpendicular drawn from F to the j^ane 
ACDE ; they have equal bases, the triangles ACD, ADE 
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being: hnlres of the mme parallelognm t Itence the two 
pyramids FACD, FADE are equal. But the pyramid 
FADE and the pyramid FABC have equal baies ABC, 
DEF ; they have also the iame ahitude, namely, the dis- 
tance of the parallel planes ABC, DEF : hence the two 
pyramids' are equal. Now the pyramid FADE has akeady 
been proved equal to FACD i hence the three pyramid* 
FABC, FM>E, FACD, which compose the prism ABCD, 
are all equal. Hence the pyramid FABC is the third part 
of (he prism ABCD, which has the same bate and the 
tame altitude. 

Cor. The solidity of a triangular pyramid ia equal to a 
third part of the product of its base by, its altitude. 



Fxoposriion xm. 

Thbokm. Anjf pfframid u measured by a third part of thi 
^product <(f iti hose bp Ut altitude. 

Let S - ABCDG be a pyramid, 
having the altitude SO ; then will it 
be measured by the base ABCDE 
into one-third of the altitude SO. 

For, extending the planes SEB, 
SEC througli the diagonals EB, EC, 
the polygonal pyramid SABCDE 
will be divided into several tiian- 
gular pyramids, all having' the same ^ 

altitude SO. But (B.VII, Prop.ivi) 
each of these pyramids is measured 
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by multiplying its base ABE, BGE or ODE by the third 
part of its altituiic SO : hence the sum of these triangular 
pjrramids, or the polygonal ppamid SABGDE, will be 
measured by the sum of th^ triangles ABE^ BQE, CDE, 
or the polygon ABODE, multipjUei by^ SO^ Hence every 
pyramid is measured by a- third par^ of the produ<5t.of its 
base by its altitude. 

Cor, 1. Every pyramid is the third part of the prism 
which has the same base and the same altitude. 

Cor. 2. Two prisms having the same altitude, are to 
each other as their bases. 

Scholium. The solidity, of any polyedral body may be 
computed, by dividing the body into pyramid^s ; and this 
division may be accomplished in various T^ays. One of the 
simplest is to make all the planes of division pass through 
the vertex of one solid angle ; in that case, there will be 
formed as many partial pyramids as the polyedron has 
faces, minus those faces which form the solid angle whence 
the planes of division proceed. 
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Theobem. Two similar pyramids are to eack other at the 
aiba of ihar homologous sides. 
EoT, two pyramids being similar, the 
smaller may be placed within the greater, 
so that the solid angle S shall be com- 
mon to both. In that position the bases 
ABCDE, abcde will be parallel ; because, 
since the homologous faces are similar, 
the angle Sai is e^al to SAB, and Sbc 
to SBC : hence the plane ABC is paiallel J o 

to the plane abc. This grBnted> let SO be 
the perpendicular drawn from the vertei * 

S to the phme ABC, ando the point where thia perpendi- 
cular taeets the plane abc ; from what has already heen 
shown (B. VI, Prop, xt), we shall hare 

SO ; So : : SA : Sa : : AB : a(; and, 
conseq^uently, ^ SO ; | So : :. AB : ah. 
But the bases ABCDE, aiede^ being similai figures, we 
hare > ABCDE i abcde : i AB' : ab\ 

Multiply the corresponding terms of these two proportions ; 
there results the proportion, 

ARCDE, X i SO : abcde' X i So : : AB' : ab'. 
Now ABCDE X i SO is the solidity of the pyramid 
SABCDE, and abcde X ^ So is that of the pyramid Sabcda 
(B. VII, Prop, ivii) : hence two similar pyramids are to 
each other as the cubes of iheii homologous sides. 

T2 
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^BFIlUTIONSk 

1, A cylinder is a solid, which may be 
produced by the revolution of a rectangle 
ABCD, conceived to turn about the im- 
movable side AB. 

In this rotation, the sides AD , BG , 
continuing alwttys perpendic)ilar to AB, 
describe equal circular planes DHP, C6Q, 
which are called the bases of the Cylinder; 
the side CD at the same describing the caiwex surface. 

The immovable line AB is called the axis of the cylinder. 

Every section KLM made in the cylinder, at right 
angles to the axis, is a oircle equ^ to either of the bases ; 
for, while the reciangle ABOD revolves about AB^ the 
line KI, perpendicular to AB, describes a circular plane, 
equal to the base, which is a section made perpendicular 
to the axis at the point L < 

Every section PQGH passing through the axis, is a 
rectangle, and is doubly of the generating rectangle ABCD. 

2. A cone is a solid, which may be 
produced by the revolution of a right* 
angled ^.triangle SAB, conceived to 
turn about the immovable side SA. 
. In this rotation, the siae AB de^ 
scribes a circular plane BDCE, named 
t?ie base of the cone ; and the hypothe- 
nuse SB, its convex surface. ^ 
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Tlie point S is named the vertex of the cone; SA, its 
axis ox (dtitude. 

Every section HEFI formed at. right angles to the axis, 
is a circle. Every section SDE passing through the axis, 
is aiv isosceles triangle double of the generating triangle 
SAB. 

3. If, from the cone SCDB, the cone^ SFKH be cut off 
by a section iparallel to the base, the remaining solid 
CBHF is called a trv/jaifiateA cume^ or the frustum of a cone. 
We may conceive it to be described by the revolutioli of 
a trapezium ABH6,. whose angles A 'and C are right, 
about the side AG. The immovable line A6 is called the 
dxis or altitude of the frustum ; the circles BDC, HFK are 
its hoses, and BH is its side. 

4. Two cylinders, or two cones, are Mi!W«7ar, when their 
axes are to each Qther as the diameters of their bases. 

5. If, in the circle ACD which forms 
the base of a cylinder, a polygon ABODE 
is inscribed, a right prism, constructed 
on tSisbase ABODE, and equal in alti- 
tude to the cylinder. Is said to be inr 
scribed in the cylinder y or the cylinder to 
be circumscribed about the prism. 

The edges AF, BG, OH, ter. of the 
prism, being perpendicular to the plane of the base, are 
evidently included in the convex surface of the cylinder : 
hence the prism andjhe cylinder touch one another along 
these edges. 
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6. In like manner, if ABGD is a 
polygon circumscribed about the base 
of a cylinder, a right prism, constructed 
on this base ABCD, and equal in alti<^ 
tude to the cylinder, is said to be nr*^ 
cumscribed about the cylinder^ or the 
cylinder to be inscribed in the prism, . 

Let M, N, &c. be the points of con^ 
tact in the sides AB, BC, 6cc^; and 
through the points M, N, 6cc. let MX, 
NY, &c. be drawn perpendicular to the plane of the base : 
those perpendiculars will evidently lie both in the surface 
of the cylindej^ and iii that of the circun^cribed prisnt ; 
hence they will be their lines of contact. 

7. A sphere is a solid terminated by a curve suT&ce,. 
all the points of wliich are equally distant from a point 
wilhin, called the centre. 

The sphere may be con- 
ceived) to be generated by 
the revolution of a semicircle 
DAE about its diameter DE;- 
for the surface described m 
this iSMOvement, by the curve 
DAE, wiH have all its points 
equally distant from the- 
centre C« 

8l The radius of a sphere^ is a straight line drawn from 
the cen^e to any point in the surface ; the diameter , or 
axis, is a line passing through this centre,, aad terminated 
on both sides hy the surface.. 
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All tbe radii- of a sphere are equal : all the diameters 
are equal, and double of the radius. 

9. A great circle of the spliertj is a section which passes 
through the centre ; a smail drcU, one which does not 
pass through it. . 

10. A plane is a ttmgent to a sphere, when their surfaces 
hav« but one point in common. 

11. The pole of a circle of a sphere, is a point in the 
siirface equally distant from all the points in the circum- 
ference of this circle. 

12. A spheric4d triangle is a portion of the. surface of a 
sphere, bounded by three arcs of great circles. <. 

Those arcs, named the sides of the, triangle^ are always 
supposed to be each less than a semicircumference ; the 
angles, which their planes form with each other, are the 
angles of the triangle, 

13. A spherical triangle takes the name of right-angled, 
isosceleSy eguilateraly in the same cases as a rectilineal 
triangle. 

14. A spherical polygon is a portion of the surface of a 
sphere, terminated by several arcs of great circles. 

15. A lune is that portion of the surface of a sphere, 
which is included between two great semicircles meeting 
in a common diameter. 

16. A spherical wedge, or ungula, is that portion of the 
solid sphere, which is included between the same great 
semicircles, and has the lune for its base. 

17. A spherical pyramid is a portion of the solid sphere, 
included between the planes of a solid angle whose vertex 
is the centre | the base of the pyramid,^ is the spherical 
polygon intercepted by the same planes, 
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18. A zone is the portion of the surface of the 6pfa«re» 
included between two parallel planea, which form its ^ases. 
One of these planes may be a tang^ent to the sphere ; in 
which case, the zone has only a single base. , 

19. A spherical segment is the portion of the solid sphere, 
2nclu4ed between two parallel planes which form its bases. 
One of those planes may be a ^tangent to the sphere ; in 
which casci the segment has only a single base* 

20. The altitude of a zoke^ er of a segment^ is the dls* 
tance of the two parallel planes, which form the bases of 
the sone or segment. ' 

21. While the semicircle DAE (Def. 7), revolving round 
its diameter D£, describes the sphere; any circular sec- 
tor, as DCF or FGH, describes a solid, which is named a 
spherical sector. 

Note. The cylinder, the cone, and the sphere, are the 
three round bodies tiesitei of in the elements of geometry. 



PROPOSITION I. 

Theorem. The solidity of a cylinder is e^fudl to the product 

of its base by Us altitude. 

Let GA be a radius of the 
given cylinder's base ; H the 
altitude. Let surf. CA^ repre- 
sent the area of the circle 
whose radius is CA : we are 
to show that the solidity of the 
cylinder is. surf. G A X H. For, 
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if scurf. C A X H is not the measure of the giTea cylinder, 
it must he the measure of a gteatc^r cyUnder, or of a 
smaller one^ Suppose it first to he the measure of a 
smaller one f of a cylmder, for example, which has CD 
for the radius of its hase^ H heing the altitude^ 

Ahbut fhe circle whose radius is CD, circumscribe a 
regular polygon GHIP, the sides of which sh&U not meet 
the circumference whose radius is CA« Imagine a right 
prism, having the regular polygon 6HIP for its base, and 
H for its altitude ; this prism will be circumscribed about 
the cylinder, whose' base has CD for its radius^ Now (B. 
VII, Prop, zi) th& solidity of the prism is equal to its base 
GHIP multiplied by the altitude H: the base 6HIP is less 
than the circle whose radius is CA ; hence the solidity of 
the prism is less than surf% CA X H. But, by hypothesis, 
surf* CA X H is the solidity of the cylinder inscribed in 
the prism"; hence the prism must be less than the cylinder, 
whereas in reality it is greater, because it contains the 
cylinder : hence it is impossible that surf. CA X H can 
be the measure of the cylinder whose base has CD for its 
radius, H being the altitude ; or, in more general terms, 
the product of th^ hast by the altitude of a cylinder, cannot 
measure a less cylinder, - 

We must now prove that the same product cannot mea- 
sure a greater cylinder. To avoid the necessity of changing 
our figure, let CD be a radius of the given cylinder's base; 
and, if possible, let surf. CD X H be the measure of a 
greater cylinder, for example, of the cylinder whose base 
has CAfor its radius, H being the altitude. 

The same construction being performed as in the' first 
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case, the prism, circumscribed about the giveu cylinder, 
will have OHIP X H for its measure : the area GfllP is 
greater than surf. 0D-; henc6 the solidity of this prism is 
greater than surf. CD X H'; hence the prism must be 
greater than the cylinder having the same altitude, and 
surf. CA for its base. But, on the contrary, the prism is 
less than the cylinder, being contained in it ; therefore the 
betse of a cylinder multiplied by its altitude^ caimot he the 
measure (\f a greater cylinder, 

llexLce^ finally, the solidity of a cylinder is equal to the 
product of its base by its altitud^^ 

Cor. 1. Cylindets of the same altitude aire to each other 
as their bases ; and cylinders of the same base are to each 

other as their altitudes. 

> ■ ' 

Cpr. 2. Similar cylinders are to each pthef as the cubes 
of their altitudes, or as the cubes of the diameters of their 
bases. For the bases are as the squares of their diameters ; 
and the cylinders being similtur, the diameters of their 
bases (Def. 4) are to each other as the altitudes : hence 
the bases are as the squares of the altitudes ; hence the 
bases multiplied by the altitudes, or the cylinders them- 
selves, are as the cubes of the ''altitudes. 

Schol, Let B be the radius of a cylinder's base, and H 
the altitude : the surface of the base (B. V, Prop, xnr, 
Schol.) will be irR'; and the solidity of the cylinder will 
be * R' X H, or * R*H, where at = 3- 141592, &c. 



PRdPOSlTION n. ' - 

Theorem. The convex surface of a right prism is iqueJ to 
the ftrimeter of t^s has^ mtdtiptied By its altitude^ 

For this surface is equal to the ' 
snni of the rcctahgles AF6B, 
B6HC, GHID,&c. which compose 
it. Now tjie altitudes AF.BG, CH, 
&;c.'of thbse rectangles, are equal 
to the altitude of. the prism ; their 
bases AB, BG, CD, &c. taken to* 
gether, make up the :^ermieter of 
the prism's base : hence the sum 
of these rectangles, or the convex 

surface of the prism, is equal to the perimeter of its base 
multiplied by its altitude^ 

Cor. If two right prisms have the same altitude, their 
convex surfaces ivill be to each oth^r as the perimeters of 
their bases^ 
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PROPOSITION III. 

Theorem. The amoex surface qf a cylinder is greiattr tkan 
the coTUjex surfaqe of any inscribed prism^ and less than 
the convex surf dee of any ctTCumscrihed prism* 
For the concave surface of th^ cylin- 
der and that of the prism may be con** 

sidered as having the same lengthy 

-UBce every section made -in either 

parallel to AF is equal to AF ; and if 

these surfaces be cut, in order to obtain 

the breadths of them, by planes parallel 

to the base, or perpendicular ^o the edge > 

U 
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AF, the one section will be equal to 
the circumference of the base, the other 
to the contour of the polygon ABODE, 
which is less than that circumference : 
hence, w\th an equal length, the cy- 
lindrical 8i;rface is broader than the 
prismatic surface ; hence the former is 
greater (han the latter". 

By a similar demonstratioq, the con- 
vex surface of the cylinder might be 
shown to be less than that of any cir>- 
cumscribed prism BCDKLKH. 




PROPOSITION IV. 

Thbobem. The convex si^rface of a cylinder is equal iiK the 
^rcumference of its base multiplied by its altitude. 

Let GA be the radius of the 
given cylinder's base, and H its 
altitude ; the circumference 
whose radius is CA being re- 
presented by circ. CA, we are to 
show that circ. GA X H will be 
the convex surface of the cvlin- 
der. For, if this proposition be not tnie, then circ. CA X H 
must be the convex surface of *a greater cylinder, or of a 
less one. Suppose it first to be the surface of a less cylin- 
der; of the cylinder, for example^ the radius of whose 
base is CD, and whose. altitude is H. 

About the circle whose radius is CD, circumscribe a 
regular polygon GHIP, the sides of which shall not meet 
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ibe circle whose radius is CA. Conceive a right prism 
havipg H for its altitude, and the polygon 6H1P for its 
base. The convex surface of this- prism will be. equal (B. 
VIII, rProp. ii) to the contour of the polygon GHIP mul- 
tiplied by the altitude H : this contour is less than the 
circumference whose radius is CA; hence the convex 
surface of this prism is less than circCA X H.. But, by 
hypothesis, circ. CA X: H is the convex surface of the 
cylinder whose base has CD for its radius, which cylinder 
is inscribed in the prism ; hence the convex surface of the 
prism must be less than that of the inscribed cylinder ; 
but, by b}T)othesis(B. VIII, Prop, ixi); it is gi:eater : henc?, 
in th6 first place, the circumference of a cylinder's ha^e^ 
rAultiplied by its altitude^ cannot be the measure of a smaller 
cylinder. 

Neither can this product be the raea^sure of a greater 
cylinder. For, retaining the present figure, let CD be the 
radiifs of the given cylinder's base ; and, if possible, let 
circ. CD X H be the convex surface, of a cylinder, which, 
with the same altitude, has for its base a greater circle^ 
the circle, for instance, whose radius is CA. The same 
construction being perfdrmed as above, the convex surface 
of the pri^m will again bfe- equal to the contour of the 
polygon GHIP multiplied by the altitude H; but this 
contour is greater than cife. CD ; therefore the surface of 
the prism must be greater than circ. CD X H, which, by 
hypothesis, is the surface of the cylinder having the same 
altitude, and CA f(3r the radius of its ba^e : hence the 
isiurface of the prism must be greater than that of the cy- 
linder. Now if this prism were inscribed in the cylinder, 
its surface (B. VIII, Prop, ixi) would^ be less than the 



eylinder't ; muck more, then, is it lets wkeit the- prism 
ioes not i^eaek so far «s to touch the cylinder. Con- 
•equenllj, also, in the second place, the drcumferenu of 
m eiflinder's btue^ mtdtipliedby the akititdej etaauat measure 
the sur/kee of a greater cyiinier. - 

The ptodact in question, being, therefore, neither the 
measure of the convex surface of a less nor greater cylin- 
der, must be the measure of the cylinder itself, 



PmOPOSlTION Yk 

Theobex. The solidity cf a ame is equal to the product of 
its base by the third of its altitude. 

Let SO be the altitude 
of the given cone, AO the 
radius of its base ; the sur- 
face of the base being de- 
signated by stirf. AO, it is 
to be demonstrated that 
surf. AO X i SO is equal to 
the solidity of the cone. 
. Suppose, first, that surf. AO X \ SO is the solidity of a 
greater oojae ; for example, of the cpne whose Altitude ia 
also SO, but whose base has OB greater than AO for its 
ladius. 

. About the circle whose radius is AO, circumscribe a 
regular polygon MNPT, so as not to meet the circum- 
ference whose radius is OB : imaging a pyramid having 
this polygon for its base, and the point S for its vertex. 
The solidity of this pyramid (B. VII, Prop, xvu) is equal 
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to the area of the polygoii MNPT multiplied by a third of 
the altitude SO ; but the ' polygon is greater than the in* 
scribed circle represented by surf. AO : hence the pyramid 
is greater than surf. AO X ^ SO, which, by hypothesis, 
measures the cone having S for its vertex and OB for the 
radius of its base ; whereas, in reality^ the p}Tamid is less 
than the cone, being contained in it. Hence, first, the base 
of a cone multiplied by a third of its altitude cannot be 
the measure of a greater tone. 

Neither can this same. product be the measure of a 
smaller cone. For now let OB be the radius of the ^ven 
cone's base ; ^Tnd, if possible, let surf. OB X i SO be the 
solidity of the cone having SO for its altitude, and for its 
base the circle whose radius is AO. The same construction 
being made, the p3rramid SMNPT will have for its mea- 
sure the area MNPT multiplied by ^ SO ; but the area 
MNPT is less than surf. OB : hence the measure of the 
pyramid 'must be less than surf. OB X | S0» and con: 
sequently it must be less than the cone, whose altitude li 
SO, and whose base has AO for its radius ; but, on the 
contrary, the pyramid is greater than the cone, becau^ 
the cone is cont^iined. in it. Hence, in the second place, 
the base of a cone multiplied by a third of its altitude 
cannot be the measure of a smaller one* 

Consequently ihe solidity of a cone is eqlial to the 
product of its base by the third of its altitude. 

Cor. A cone is the third of a cylind^er having the same 
base and the same altitude. Whence it follows : 

1. That cones of equal altitudes are to each other as 
their bases;: 

U2 
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2. That, cones of equal bases are to each other as theiir 
altitudes ; , 

3» That similar cones are as the cubes of the diameters 
of their bases, or as the cubes of their altitudes. 

Schol, Let R be the rddius of a cone*s base, and H its 
altitude ; the solidity of the cone will be «" R* x i H^ or 
i^rR^H. 

FROPOSITION VI, 

Tbsobem. The coTwex^ surface of a cone u equal to the 
circumference of its f^ase multiplied by half its tidt. 

Let AO be a radius of 
the base of the given cone, 
S its vertex,, and SA its 
side ; the surface will be 
circ. AO X ISA. For, if 
possible, let AO X i SO 
bp the surface of a cone 
having S for its vertex, 
and for its base a circle whose radius OiB i? greater than 

AO. 

About the smaller circle describe a regular polygon 
MNPT, the sides of which may not meet the circle whose 
radius is OB ; and let SMNPT be the regular pyramid, 
having this polygon for its ba^e, and the point S for its 
vertex. The triangle SMN, one of those which compose 
the convex surface of the pyramid, has for measure its 
base MN multiplied by half its altitude SA, or half the 
side of the given cone ; and since this altitude is the sam^ 
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in alt the otbei triangles SNP, SPQ, &c., the convex 
surface of the pyramid must be equal to the perimeter 
MNPTM multipUed by .| SA, But the contour MNPTM 
is greater than circ. AO ; heijce the Convex surface of the 
pyramid is greater than circ. AO X ^ SA, and consequent* 
ly greater than the convex surface. of the cone having the 
same vertex S^ and the circle whose radius is OB fpr its 
base. But the surface of this cone is greater than that of 
the pyramid ; because, if two such pyramids are adjusted 
to each other base to base, and two su<;h cones base to 
base, the surface of the double cone will envelope on all 
sides that of the double pyramid,, and therefore be greater 
than it, as is evident ; hence the surface of the cone is 
gpreater than that of the pyramid^ whereas by the hypo- 
thesis it is less. Hence, in th^ first place, the circumference 
of the cone's base nlultiplied by half the side cannot 
meagre the surface of a greater cone.. 

Neither can it measure the surface of a, smaller cone i 
for, let BO be the radius of -the base of the given cone ; 
and, if possible^ let circ. BO X } SB be the surface of a 
cone having 3 for its vertex, and AO less than OB for the 
radius of its base. 

The same construction being made as above,, the surface 
of the pyramid SMNPT will still be equal to the perimeter 
MNPT- X i SA. Now this perimeter MNPT is less than 
eirc. OB ; likewise SA is less than SB ; consequently, for 
a doublevreason, ihe convex surface of the pyramid is less, 
than circ. OB X | SB, which, by hypothesis, is the surface 
of the cone having SA for the radius of its base : hence 
the surface of the pyramid must be less than that of the 
inscribed cone ; but it is obviously greater ; for, adjusting 
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two such pyramids to each other base to base, and two 
such cones base to base, the surface of the double pyramid 
will envelope that of the double cone, and will be greater 
than it. Hence, in the second place, the circuniference of 
the base of the given cone multiplied by half the side 
cannot be the measure of the surface of a^ smaller cone. 
Therefore, finally, the convex surface of a cone is equal 
to the circumference of *its base multiplied by half its side. 

Schol. Let L be the side of a cone, R the radius of its 
base : the circumference of this base will be. 2 v' R ; and 
the surface of the cone will V^2«'BX^L»ar^ RL«. 
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Theorem. The convex surface of a truncated coTie is equal to 
its side multiplied by half the sum of the circumferences 
of its ttoo bases^ 




In the ptane SAB which parses through the axis SO, 
draw the line AF perpendicular to SA, and equal to the 
circumference having AO for its radius ; join SF, and 
draw DH parallel to AF. 

From the similar triangles SAO, SDC, we have 

AO : DC : : SA : Si>; 
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ftnd by the similar triangles SAF, SDH, 

AF : DH :: SA : SD; 

hence AF : DH : : AO : DC,or(B.V, Prop.xm, 

Cor. 1) as circ. AO is to circ. DC. But) by construction, 
AF = circ, AO ; hence DH = circ. DC. Hence the tri* 
angle SAF, measured by AF.X ^ SA, is e^ual to the 

surface of the cone SAB which is measured by 

circ. AO X'^ SA. For a like reason, the triangle SDH is 
equal to the surface of the cone SDE. Therefore the sur* 
face of the truncated cone ADEB is equal to that of the 
trapezium ADHF ; but the letter (B. II, Prop, iv) is 

1- ).. Hence the surface of 

the truncated cone ADEB is equal to its side AD multi- 
plied by half the fium of the circumferences of its two 
bases. 

Scutum, If a Ihne AD, lying wholly on one side of the 
line OC, and in the same plane, make arevolulion around 
DC, the surface described by AD will have for its mea« 

^ ATfc v> /circ. AO + circ. DC N ^ At\ ^ :- ixr ♦i.^ 
surd AD X I- ^ J > or AD X circ. IK; the 

lines AO, DC, IK being perpendiculars, drawn from the 
extremities and from the middle of the axis OC. 

For, if AD and OC are produced till they meet in S, 
the surface described by AD is. evidently that of a trun- 
cated cone having AO^ and DC for the radii of its bases, 
Che vertex of the whole cone being S. Hence this surface 
will be measured as we have said. 

This measure will always hold good, even when the 
point D falls qn S, and thus forms a whole cone ; and also 
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when the line AD is parallel to the axis, and thus forms a 
cylinder. In the first case, DC would be nothing ; in the 
secpnd, DC would be equal to AO and to IK. . 

But if the line AD is not in the same plane with >0C, 
the surface described will be a byperboloid of one sheets 
whose properties cannot be fully explained without a 
knowledge of conic sections. 

Cor. 1. Through I the middle point of AD, draw IKL 
parallel to AB, and IM parallel to AF : it may be shown, 
as above, that IM = circ. IK ; but the 

trapezium ADHF = AD X IM = AD X circ IK. 
Hence it may also be asserted, that the surface of a trunr 
cated coTtt is equal to its side multiplied by the drcumferenee 
of a section at equal distances from the: two hoses* 

Cor. 2. The point I being 
the middle of AB, and IK a 
perpendicular drawn from 
the point I to the axis, the 
surface described by AB, 
by the last proposiition, will 
have for its measure AB X circ. IK.^Draw AX parallel to 
the axis ; the triangles AflX,OlE will have their sides 
perpendicular, each to each, namely, 01 to AB, IK to AX, 
and OK to BX ; hence these triangles are similar, and 
give the proportion AB : AX or MN : : Of": IK, or as 
circ. 01 to circ. IK ; hence ABX circ. IK = MN X circ. OI. 
Whence it is plain that the surface described by the 
partial polygon ABCD is measured by 

( MN + NP + PQ ) X circ. 01, or by MQ X circ. 01 ; 
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hence it is equal tathe altitude multipled by the circum- 
ference of the inscmbed circle. 

Cor. 3. If the whole polygon has an even number of 
sides, and if the axis FG passes through two opposite 
vertices F and G, the whole surface described by the 
revolution of the half polygon FACG will be equal to its 
axis FG multipled by the circumference of the inscribed 
circle. This axis FG will, at the same time, be the dia* 
meter of the circumscribed circle. 



> PROPOSITION VIII, 

Theobem. Every section of a sphere^ made by a plane, is U 

circle. 

Let AMB be the section, made 
by a plane in the sphere whose 
centre is C. From the point C, draw 
CO perpendicularly to the plane 
AMB ; and drafw lines CM, CM to 
different points of the curve AMB, 
which terminates the section.' 

The oblique lines CM, CM, CB being equal, being 
radii of the sphere, they are equally distant from the per- 
pendicular CO (B. VI,/ Prop, v) ; hence all the lines OM, 
MO, OB' are equal : hence the section AMB is a circlei 
whose centre is O. - - 

Cor. 1. If the section passes through the centre of the 
sphere, its radius will be the radius of the sphere ; hence 
all great circles are equal. 
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Cor. 2. Two gremt circles alwajrs bisect each other ; for 
Iheir common intersection, passing through the centre, is 
« diameter. 

Cor. 3. Every great circle divides the sphere and its 
surface into two equal parts ; for, if the two hemispheres 
were separated, and afterwards placed on the common 
base, with their convexities turne-d the same way, the two 
surfaces would exactly coincide, no point of the one being 
nearer the centre than any point of the other. 

Cor. 4. The centre of a small circle, and that of the 
sphere, are in the same straight line perpendicular to the 
plane of the little circle. 

Cor. 6. Small circles are the less, the farther they lie 
from the centre of the sphere ; for the greater CO is, the 
less is the chord AB^ the diameter of the small circle AMB. 

Cor. 6. An arc of a great circle inay always be made to 
pass through any two given points in the surface of the 
sphere ; for the two -given points and the centre of the 
sphere make three points, which determine the position 
of a plane. But if the two given points were at the ex- 
tremities of a diameter, these two points and the centre 
would then lie in one straight line, and an infinite number 
of great circles might be made to pass through the two 
given points. 
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' (tOl.)' Let NfiSW. repretent * 

f^ctioiivof the eMbj 8iipp08e<^ tojie .' 

t sphere, jnade by aplane p^tfisti^ 

through ihe at^is of rotation, so that - 

the circumference NESW shall 

correspond wkh.a. iiieridtai;i. Let A" • 

aadz-B be two different places on 

this meiridiaDr' whose lati^es Stfe 

denoted by the arcs £A, £B. From 

A and.B, draw the^IinesAC, BI) 

perpendicular to the^axis NS; : S . 

. Now, if we conceive the; semicircle NES to reVolve about the dia- 
meter N^,. ti]ie poiiit £ will 4«»cribethe^'quator/ while the points A 
and B will ^tescribe parallels of latitude t' and ad all circumferences 
are divided int6 360^, it follows tiiat the length of a degreb of longi- 
tude at lh6 latitude of A^Hs to a degree of lopgitude at the latitude B, 
fts AC id to BD ; andj in 'general^ 4tgr^eB.of .Ivngihsde ai different 
places of the earthj are as tMr dtstaneea frtnn the axis afrevojiUionk 
The len^-ef a degree df longitude at latitude 60^, is just one half the 
length of a degree of longitude at thd equator. 
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The&rrm. The surface of a' sphere is e^ul to its diameter 
mukipHeiby the cirdUmference of a great circle. 

It is first to be shown,' that^ 
tlie diameter of a' sphere,' 
muljtil^ied by the circumfe- 
rence of its gpre^kt cirple, caa 
not measure th^. surface of a 
larg^er sphere^ If possible, let . , , ; . : 

AB X circ. AC becthe surface of the sphere whose radius 

About the circle i^hose radius is CA, circumscribe a 
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regular polygon having an even number <if sides, so as 
not to meet the circumference whose radius i» CD : let 
M and S be the two opposite vertices of this polygon ; and 
about the diameter MS, let the half polygon MPS be made 
to -revolve. The surface described by this polygon will-be 
measured (B. VIII, Prop, vii, Cor. 3) by MS X circ. AC ; 
but MS is greater than AH ; hence the surface described 
by this polygon i^ greater than AB X ci^c« A0»^ and con- 
sequently greater than the surface of the sphere whose 
radiliB is CD ; but the-^rface of the^ sphere is greater 
than the surface describe by thepolygoii, since the former 
envelopes the latter on all sides. Hence, in the first place, 
the diameter of a sphere multipled by the circumference 
of its great circle cannot>measure. the surface of a larger 
sphere. 

Neither can this same product measure the surface of 
a smaller sphere, f'or, if possible^ let DE X circ. CD be 
the surface of that sphere whose radius -is CA. The same 
constructiop being made as in the former case, the surface 
4>f the solid generated by. the revolution of the half polygon 
will still be «qual to MS X circ. 4^ ; but MS is less than 
D£« and circ* AC is less than circ. CD ; hence,, for "these 
two reasons, the surface of the solid described by the 
polygon must be less than DE X circ. CD, an4 therefore 
less than the surface of the sphere ^whose radius is AC ; 
but the surfkce described by the polygon is greater than 
the surfacd of the sphere "whose radius is AC, because the 
former envelopes the latter. Hence, in the .second place, 
the diameter of a sphere m:ultiplied by the circumference 
of its great circle cannot measure the surface of a smaller 
sphere. 
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Therefore the surface of a sphere is equal to its diameter 
multiplied by the circunrfereoce of its great circle. 

Cor, The surface of >the, great circle is measured by 
xQultlplying its circumfereuce by half the radius, or by a 
fourth of the diameter-^; hence the furface of a sphere is 
four times that (tf its great circle, 

PEOPOSITIOIf !• 

Thbohem. The ^rface of any spherical zdfn/e is eqtial to its 
altitude multiplied by the circumference of a great circle. 





Let £F be any arc les^ or greater than ^ quadrant, and 
let FG be dra¥<rn perpendicular to the radius EC; the 
2one with one base, described by the :3tevolution of the arc 
EF about EC, will be measured by EG >C circ^ EG* 
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Foir, suppose, first, that tliis zone is measui^ed by siome- 
tbing less ; if possible, by EG X oirc. CA* In the wtc EF, 
inscribe a portion of a regular polygon EMNF, whose 
sides shall not reach the circumference described with the 
radius CA ; and draw CI perpendicular to EM. The sur- 
face described by the polygon £MF turning about EC, 
will be measured by EG X citQ. CI [B, VIII, Prop, n. 
Cor. 2]. This quantity is greater than EG X cite. AC, 
whi^hi)y hypothesis is the measure of the zone described 
by the arc EP. Hence the surface described by the poly- 
gon EMNP must be greater tban the surface described 
by EP the circumscribed arc ; whereas tU^ latter surface 
is greater than the form<Br, which it envelopes on all sides. 
Hence, in the first place^ the measure of any spherical 
zone with one base cannot be less than the altitude mul- 
tiplied by the circumference of a great circle. 

Secondly, the measure of this zone cannot be greater 
than its altitude multiplied by the circumference of a great 
circle. For, suppose 4he zone described by the revolution 
of the arc AB about AC to be the proposed one ; and, if 
possible, let zone AB > AD X circ. AC. The whole sur- 
face of the sphere, composed of the two zones AB,BH i^ 
measured by AHX chrc. AC [B. VIH, Prop/ix], or by 
AD X circ. AC + DH X circ. AC : hence, if we have 
^one AB > AD X circ. AC, we, must also have zone 
BH > DH X circ AC ; which cannot be the case, as is 
shown above. Therefore, in the second place, the measure 
of a spheri^^al zone with one base cannot be greater than 
the altitude of this zone multiplied by th^ circumference 
of a great circle. ' 

Hence, finally, every spherical zone with oive base is 
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measured by its altitude multiplied by the circumference 
of a great circl^ . 

Let us now examine any 
zone with two bases, de- 
scribed by the revolution of 
the arc FH about the dia- 
meter DE. Draw FO, HQ 
perpendicular lo this diame- 
ter. The zone described by 
the arc FH is the difference 
of the two zones d<$scribed 
by the arcs DH and DF ; the latter are respectively mea* 
sured by DQ X circ. CD, and DO X circ. CD : hence the 
zone described by FH has for its measure 

(DQ -^ DO ) X circ. CD, or OQ X circ. CD. 

That is, any spherical zone, with oiie or two bases, is 
measured by its altitude multiplied by the circumference 
of a great circle. 

Cw. Two zones, taken in the same sphere or in^^ equal 

spheres, are to each other as their altitude ; and any zone 

is to the surface of the sphere, as the .altitude of that zone 

is to the diameter. 

( 102.) Let ABCDF be a section 
of the earthy ipade by a plane pas»- 
ing through its axis, which is re- 
presented by AF ; also let B denote 
the place where the arctic circle 
cuts the meridian ABCDF ; C and 
D, the corresponding points for the 
tropics ; then will the line BG, 
perpendicular to the axis AF, be 
the radius of the arctic circle, and 
CH and DE, which are equal, will 
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be the ndii of the tropics. The line AG will denote the altitude of 
tile frigid zone, GH the altitude of the temperate zone, and HK the 
altitude of the torrid zone : but surfaces of zoned are to each other as 
their altitudes ; therefore the frigid, temperate, and torrid zones are 
to each other aa the Hues AG, GH and* HK. 

II we assume the latitude of the arctic circle to be 66*32% and the 
tropics to be in latitude 23® 28', we shall find the lines AG, GH and 
HK to be to each other as 1 — cos 23<»^28',. cos 23^ 28' — sip 23° 28', 
2 sin 23* 28*; or as 0O8271, 0*51907, 0^79644;^ or nearly as the 
numbers 4, 25, 38. 

(103 ) Probi*em. Suppon a penon to he ntuated k miles ahwe 
the furfaee of the earth, and let itberegtfiredtofind whatfractumai 
pari of the earth's, entii'e surface is visible to him, 

let A denote the position of the ob- 
server. Draw AD passing through the 
centre of the eiUrth, and AF tangent to its 
surface ; adso draw the radius FC, and FG 
perpendicuhtr to AD. 

Then the portion seen will 1)e a zone 
having BG for its altitude, and this zone 
will be to the entire surface as BG is to BD 
(B. VIII, Prop. Ty Cor.). 

Calling R the radius of the earth, we 
have, fey similar triangles ACF, CFG, 

r 

R-l-;^ : R : : R : GC; therefore, 

R* 
GC = jT — J. Consequently, 

R« 




BG =H R — GC == R 



RA 



H+h a + h' 



Hence the fractional part of the earth's surface seen, is 



RA 



--^2R = 



h 



This fraction is always less than i ; which shows that it is im- 
possible, from any point however distant, to see half the entire surface 
of a sphere. 
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If A =s R, the fractioji becomes 4 ; if ^i ss 2 R, it becomes- i ; if 
A = f R, it becomes J. - 

JVote. In the above investigation, no allowance has been made for 
the refraction of light, which musl of necessity modify the extent of 
surface visible. 



PROPOSITION XI.. 

Theorem. If a triangle cmd u rectangle^ having the same 
base and the same altitude j turn simultaneously about the 
common base, the solid described by the revolution of the 
triangle will be a third of the cylinder described by the 
revolution of the rectangle. 

Let ABC be the triangle, and CD the rectanigle.. 

To the axis, draW the per- 
pendicular AD ; the cone de- 
scribed by the triangle ABD 
is the third part of the cylin- 
der described by the rectangle 
AFBr)(B.VIII, Prop.v, Cor.); 
also the cone described by the triangle ADC is the third 
part of the cylinder described by the rectangle ADCE : 
hence the «um of the two cones> <)r the solid described by 
ABC, is the third part of the two cylinders taken together, 
or of the cylinder described by the rectangle BCEF. 

If the perpendicular AD falls 
without the triangle, the solid de- 
scribed by ABC will be the dif- 
ference of the iwo cones described 
by ABD and ACD ; but, at the 
same time, the cylinder described 
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hy BCEF will be the difierence of the two cylinders de- 
scribed by AFBD and AECD. Hence the solid described 
by the reYolation of the triangle will still be a third part 
of the cylinder described by the revolution of the rectangle 
having the same base and altitude. 

Scholium. The circle of which AD is radius has for its 
measure * X AD* : hence * X AD' X BC measures the 
cylinder described by BCEF, and J * X AD' X BC mea- 
sures the solid described the triangle ABC. 



PROPOSITION XII. 

Theorem. If a triangle be revolved about a line drawn at 
pleasure through its vertex, the solid described by the tri^ 
angle will have for its measure the area of the triangle 
multiplied by tujo-thirds of the drciin^ference traced by 
the middle point of the base* 

Let CAB be the triangle, and CD the line about whicli 
it revolves. 

Produce the side AB till it 
meets the axis CD in D ; from 
the points A and B, draw 
AM, BN perpendicular to the 
axis. 

The solid described by the 
triangle CAD is measured (B. VIII, Prop, xi, Schol.) by 
i AT X AM' X CD ; the solid described by the triangle 
CBD is measured by ^^ X BN' X CD : hence the dif- 
ference of those solids, or the solid described by ABC, will 
have for its measure \ ir (AM' — BN') X CD, 

To this expression another form may be given. From I 
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the middle point of AB, draw IK perpendicular to CD ; 
and ibrough B, draw BO parallel to jCD : we shall have 
AM + BN = 2 ^C, and AM - BN ^ AO ; hence 
(AM + BN) X (AM - BN), or AM'- BN« = 2 IK X AO. 
Hence the measure of the^solid in question is expressed by 
f ^r X IK X AO X CD. But if CP is drawn perpendicular 
to AB, the triangles ABO, DCP will be similar, and give 
the proportion 

AO : CP :: AB : CP; 

hence AO X CD = CP X AB, which CP X AB is double 
the area of the triangle ABC ; hence we have ........ 

AO X CD = 2 ABO ; hence the solid described by the 
triangle ABC is also measured by | v* X ABC X IK, or, 
which is the saihe thing, by ABC X } circ. IK,, ci^c. IK 
being iequal to 2«' X IK. Henc^e, the solid described by the 
revolution, of th4 triangle ABC has for its measure the area 
of this triangle ^multiplied by tUfO'thirds of the circumference 
traced hy I the middle jpoint of the base. ~ 

Cor. 1. If the side 
AC=CB, the line CI will 
be perpendicular to AB, 
the area ABC will be equal 
to. AB X^i CI, and the 
solidity ^^r X ARC X JK 
will become- 1 * X AB X IK X CL But. the triangles 
ABO, CIK are similar, and give the proportion 

AB : BOorMN :: CI : IK; 

hence AB X IK = MN X CI : hence the solid described 
by the isosceles^ triangle ABC will have for its measure 
feXMNX CI'. 
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Car. 2. The general solution appears to include the 
supposition that AB produced ^ill meet the axis ; but the 
results would be equally true, though AB were parallel to 
the axis. ^ 

Thus the cylinder described by 
AMNB is equal to f .AM*.MN; 
the cone described by AGM is equal 
to ^«'.AM\CM, and the cone de- 
scribed by BCN to i <r . AM*. CN. 
Add the first two solids, and take 
away the third : we 3hall have the solid -described by 
ABC equal to •'.AM' . (MN + ^ CM - ^ CN) ; and since 

CN ^ CM = MN, thi3 expression is reducible to 

if . AM* . 5- MN, or I ^r CP* . MN, which agrees with the 
conclusion above drawn. 

Cor. 3. Let AB, BC, CD 

be the several successive 

sides of a regular polygon, 

O its centre, and 01 the 

radius of the inscribed cir- 

cle ; if the polygonal sector 

AOD lying all on one side of the diameter FG be sup* 

posed to perform a revolution about this diameter, the 

solid so described will have for its measure f « . OP . MQ, 

MQ being that pc^rtion of the axis which is included by 

the extreme perpendiculars AM, DQ. . . 

For, since th^e polygon is regular, all the triangles AOB, 
. BOC, &c. are equal and isosceles. Now, by the last co- 
rollary, the solid produced, by the isosceles triangle AOB 
has for its measure | <.OP.MN ; the solid described by 
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the triangle BQC has for its measure | r . OP . NP, and 
the solid described by the triangle COD has for*its mea- 
sure § v . Op.PQ ; hence the sum of those solids, or the 
'whole solid described by the polygonal sector AOD will 
have for its measure !«' . OP . (MN + NP + IQ), or 
01'. MQ. 






(104.) This proposition is a particular case of a more general 
th^rem, called. Guldin^s theorem, or the eentrobarye method, which 
is as follows r ^ 

The voliane geifierated by the movement of a plane twfate, oo 
mooed €u that no two^eonMeeutive positions shall intersect, is mea- 
sured by multiplying the area of the moving plane into the distance 
passed through by its centre of gravity. 

In the above proposition, we know that the centre of gravity of the 
triangle CAB is in^ the. line CI* at I its distance measured from C 
(Art. 73). Hence, the circumfecence described by this centre of gravity 
is f of the circumference traced by the middle point I. Consequently 
the volume thus generated by the revolution of the triangle ABC has 
for its measure the area Cf this triangle multiplied by | of the circum- 
ference traced by I, the middle point of the^bi^e. 



( 105.) Let us apply the method to find 
the solidity of the cone SBDC generated 
by the revolution of the right-angled tri- 
angle SAB about the side SA. The centre 
of gravity of the triangle SAB is i of AB . 
distant from the axis SA, and therefore 
moves through a distance equal to f o' AB : 
this, multiplied by the area of the triangle, 
which is i AB X AS, gives i 4r AB* X AS 
for the volume of the cone, or, which is the same thing, jtr AB*X i AS. 
That is, the solidity of a right cone may be found by multiplying its 
base by i of its height. 
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(106.) Again, suppoM the circle 
whose radhis is AB to revolve about 
the line DE, thus generating a cir- 
cular ring. Required the measure 
t>f this ring. 

If we denote the distance AC by 
R, and the radius AB by r, we shall 
find *f^ for the area of the circle> 
)and 2vR for the distance passed 
through by its centre of gravity ; 
hence the solid in question is 
2«*r«R. 




( 107.) The centrobaryc nuihod is also applicable to surfaces ge- 
nerated by the motion of a straight line, by multiplying the length of 
the line by the distance moved through by its' centre of gravity. 

Thus> referring to the last figure, suppose we wish the surface 'of 
the ring generated by the revolution of the circle AB about the axis 
DE. While the circle generates the solid ring, its circumference ge- 
nerates the surface of the ring. The centre of gravity of the circum- 
ference is evidently at A, and moves through a distance denoted by 
2 fi* R ; this, multiplied by the circumference, which is denoted by 
2 «* r, gives 4 «r* R r for the surface of the ring. 

While the right-angled triangle SAB (see figure on the preceding 
page), by its revolution about the side SA, generates the cone, the 
hypothenuse generates the cone's convex surface. The centre of 
gravity of SB is evidently at the middle point of SB ; it therefore 
describes the circumference of a circle half as great as that of the 
base, and denoted by sr AB : this, multiplied by the length SB, gives 
w AB X SB for the convex surface of the conje.. 
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Theorem. Every spherical sector is measured by the zone 
which forms its hasCy multiplied by a third of the radius; 
and the whole sphere has for its measure a third of the 
radius^ multiplied by its surface. 





Let ABC be the circular sector, which, hy its revolution 
about AC, describes the spherical sector; the zone nle^ 
scribed by AB being AD X circ, AC, or 2«'v AC . AD : 
and it is to be shown that this zone multiplied by ^ of AC) 
OT that f flf.AC'.AD, will measure the sector^ 

First, suppose, if possible, that f a'.AC'vAD is the 
measure o£ a greater spherical sector, say of the spherical 
sector described by the circular sector ECF similar to ACB. 

W 
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In the arc EF, inscribe £GF a portion of a regular 
polygon, such that its sides shall not meet the arc AB ; 
then imagine the polygonal sector ENFC to turn about 
EC, at the same time with the circular sector EGF. Let 
CI be a radius of the circle inscribed in the polygon, and 
let FG be drawn perpendicular to EC. The solid de- 
scribed by the polygonal sector will have for its measure 
fflf . CP.EG ; but CI is greater than AC by construction^ 
and EG is greater than AD ; for, joining AB, EF, the 
similar triangles EFG, ABD give the proportion 

EG : AD : : FG : BD : : CF : CBs 

hence EG > AD. For this double reason, | ^r . CP.EG is 
greater than | nc . C A' . AD. The first is the measure of the 
solid described, by the polygonal sebtor ; the second, by- 
hypothesis, is that of the spheric^ sector described by the 
circular sector ECF : hence the solid described by the 
polygonal sector must be greater than the spherical sector ; 
whereas, in reality, it is less, being contained in the latter. 
Hence our hypothesis was false : therefore, in the first 
place, the zone or base of a spherical sector multiplied by 
a third of the radius, cannot measure a greater spherical 
sector. 

Secondly, it is to be shown that it cannot measure a less 
spherical sector. Let CEF be the circular sector, which, 
])y its revolution, generates the given spherical sector ; and 
suppose, if possible, that I*. CE'.EG is the measure of 
some smaller spherical sector^ say of that {froduced by the 
circular sector ACB. ' 

The construction remaining as above, the solid described 
by the polygonal sector ^ill still have for its measure 
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§ir. CP.EG. But. CI is less than CE ; hence the sglid is 
less than f it . CE" . EG, wl^ich, according to the supposi- 
tion, is the measure of the spherical sector descrihed by 
the circular ACB : hence the solid described by the po- 
lygonal sector must be less than the spherical sector de- 
scribed by ACB ; whereas, in reality, it is greater, the 
latter being contained in the former. Therefore, in the 
second place, it is impossible that the zone of a spherical 
sector, multiplied by a third of the radius, can be the 
measure of a smaller spherical sector. 

Hence every spherical sector is measured by the zone 
which forms its base, multiplied by a third of the radiua. 

A circular sector ABC may increase till it becomes 
equal to a semicircle ', in which case, the spherical sector 
described by its revolution is the whole sphere.. Hence the 
solidity of a sphere is equal to its surface multiplied by a 
third of the radius. 

Cor, The surfaces of spheres being as the squares of 
their radii, these surfaces multiplied by the squares of the 
radii must be as the cubes of the latter: Hence the solidity 
of two spheres are as the cubes of their radii, or as the cubes 
of their diameters. 

Schol, Let R be the radius of a sphere : its surface will 
be 4 ir R" ; its solidity, 4 -r R' X J R, or | r.R*. If the dia- 
meter is named D, we shall have R^ JD, and R*==|I)': 
hence the solidity may likewise be expressed by |flr.|D', 
orlffD*. 
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PBOPOSITipN ZIT. 

Theobbm« The twrfau of a rphere is to the whole mrfate of 
the circumscribed cylinder (including its hases)^ as 2 is to 
3 ; and the solidities of these ttoo bodies are to each other 
in the same ratio. 

Let MNPQ be a great circle 
of the sphere, and ABCD the 
circumscribed square. K the se* 
micircle PMQ and the half square 
PADQ are at the saipe time made 
to revolve about the diameter PQ, 
the semicircle will generate the 
sphere, while the half-square will 
generate the cylinder circumscribed about that sphere. 

The altitude AD of that cylinder is equal to the dia- 
meter PQ ; the base of the cylinder is equal to the great 
circle, its diameter AB being equal to MN : hence (B. 
Vin, Prop, iv), the convex surface of the^cylinder is equal 
to. the circumference of the great circle multiplied by its 
diameter. This measure (B. VHI, Prop, ix) is the same as 
that of the suriface of the sphere : hence the surface of the 
sphere is equal to the coTwex surface of the circumscribed 
cylifider. - . 

But the- surface of tbe sphere is equal to four gr^at 
circles ; hence the convex surfiace of the cylinder is also 
equal to four great circles; and adding the two bases, 
each equal to a great circle, the totat siurface of the cir- 
cumscribed cylinder will be equal to six great circles : 
hence the surface of the. sphere is to the total surface of 
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the circumscribed cylinder as 4 isf to 6, or as 2 is to 3 ; 
which is the first branch af the proposition. 

In the next place, since the base of the circumscribed 
cylinder is equal to a gr^at circle, and its altitude to the 
diameter, the solidity of the cylinder (B. VIII, Prop, i) 
will be equal to a great circle multiplied by its diameter^ 
But (B. VIII, Prop. ±iii) the solidity of the sphere is equal 
to four great circles multiplied by a third of the radius ; 
in other terms, to one great circle multiplied by | of the 
radius, of by | of the diameter : hence the sphere is to 
the circumscribed cylinder as 2 to 3,,and consequently the 
solidities of these two bodies are as their surfaces. 



PKOtOSITION XV. 

Theobem, In every spherical triangle, any side is less than 

the sum of the other two. 

Let O be the cenfte. of tibe 
sphere ; and draw the radii OA, 
OB, OC. Imagine the planes. 
AOB, AOC, COB ; those planes 
will form a solid angle at the 
point O ; and the angles AOB, 
AOC, COB will be measured by 
AB, AC, BC the sides of the 
spherical triangle. But (B. VI, 
Prop, xix) each of the three plane triangles composing a 
solid angle is less than the sum of the other two : hence 
any side of the triangle ABC is less than the sum of the 
other two. . 

W2 
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PBorosinoii xvt» 

TsEOftEM. The shortest distance between one poOa anS an- 

ather^ on the surface of a spherCy is the arc of the great 

circle which joins the two given points. 

Let ANB be the arc of the great circre which ^ 
joins the points A and B ; and without this Ime, 
if possible, let M be a point in the line of the 
shortest distance between A and B. Through the 
point M draw MA, MB, arcs of great circles ;. n 
and take BN = MB. 

By the last proposition, the arc ANB is shorter 
than.AM+MB : takeBN respectively from both ; 
there will remain AN < AM, Now, the distance " 
of B ftom M, whether it be the same with the arc BM or 
with any other line, is equal to the distance of B from N; 
for, by miedcing the plane of the great circle BM tOTevolve 
about the diameter which, passes, thxaugh B, the point M 
may be brought into the position of the point N ; and the 
shortest line between M and B, whatever it may be, will 
then be identical with that between N and B : hence the 
two lines from^ A to B, one passing through M, the other 
through N, have an equal part in each,^ the part from M 
to B equal to the part from N to B. The first line is the 
shprter, by hypothesis ; lience the distance from A to M 
must be shorter than the distance from A to N ; which. is 
absurd, the arc AM being proved greater than AN. Hence 
no point of the shortest line from A to B can lie out of the 
arc ANB ; consequently this arc is itself the shortest dis- 
tance between its two extremities. 
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Thsobem. The sum of all the three sides of a spherical tri* 
angle is less than the circumference of a great circle. 
Let ABC be any spherical 
triangle ; produce the sides 
AB, AC till they meet again 
in D. The arcs ABD, ACD 
will be semicircumferenees, . 
since (B. 8, Prop. 8, Cor. 2) 
two great circles alwiatys bisect 
each other.But in the triangle 
BCD we have (.B. Vill, Prop, 
xv) the side BC<Bb+CD : 

shall have AB+AC+BC < ABD + ACD, that is to say, 
loss than a circumference. 




add AB+ AC to eacli ; we 



PROPOSITION xviir* 

Theohem. The sum of All the sides of any sphericat polygon 
is less than the cirdiimference of a great circle.. ^ 
Let us take, for example, ' 
the pentagon ABCDE. Pro- 
duce the sides AB, DC till 
they meet in P; then since 
9C i« less than BF+CF, tlie 
perimeter of the pentagon 
ABCDE will be less than that 
of the quadrilateral A£DF. Again, prod\tce the sideafAE, 
FD till they meet in G ; we shall have ED<Ea+DG : 
hence the perimeter of the quadrilateral AEDF is less 
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than that of the triangle AFG, which last is Itself less than 
the circumference of a great circle : hence the perimeter 
of the polygon ABCDE is less than this same circum- 
ference. 

PBOPOSITION XIX. 

Theobew. If a diameter be drawn perpendicular ta the 
plane of a great drcle, its extremities will he the pclesof 
that drcUf and also cfall small circles parallel to it. 

For, DC heing perpendi- 
cular to the plane AMB, is 
perpendicular* to all the 
straight lines G A, CM, CB, 
&c. drawn through its foot 
in this plane ; hence all the 
arcs DA, DM, DB, &;c. are 
quarters of the circumfe- 
rence. So likewise are alh 
the arcs £A, EM> EB, &;c. : 
hence the points D and E are each equally distant from 
all the points of the circumference AMB ; therefore (Def . 
11) they are the poles of that oiicumfer^nQe: 

Again, the radius DC, perpendicular to the plane AMB, 
is perpendicular to its parallel FNGj hence (B.Vin, Prop. 
VIII, Cor, 4) it passes through the centre of the circle 
FNG : therefore, if the oblique lines DF, DN, DG be 
drawn, these oblique lines will diverge, equally from the 
perpendicular DO, and will themselres be ^qual ; but, the 
chords being equal, the arcs, are equal: hence vthe point 
D ii^ the ppleof the small circle FNG ; ^nd, for like rea* 
Bons, the point E is the other pole. 
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i^or, 1. Every aire DM drawh frola a point in the arc of 
a great circle AMB to its' pole^ is a quavtei of the circumr 
ference, which, iot the sake of brevity^ is usually named 
a quadrant ; and this quadrantVat the same tinv^, inakes a 
right angle with the arp AM.. For (B. Vl, Prop, xvi) the 
line DC heing perpendicular to {he plane AMC, erery 
plane DJViC passing through the li^e DC is perpendicular 
ta the plane AMC ; hence the angle of these planes, or 
ibe angle AMD, is a right angle. 

- Car, 2. To- find the pole of a given^arc AM, draw the 
indefinite arc MD perpendicular to. AM ; take MD equal 
to a quadrant : the^pqint-D wiHbe one of the poles, of the 
ate AMDv^ Or thus, at the two points A and M| draw the 
ares AD ajid MD perpendicular to AM^ their jJoint of 
intersection D. will he th« pole required. • 

Cor, 3. Conversely, if the distance of the point D from 
each of the points A and lil be. equal to a quadrant, the 
point D will be the pgle of the vc AM j and" also the 
angles DAM, AMD will be right angles. 

For, let C be the centre of th« sphere ; and draw the 
radii CA, CD, CJM. Since the angles ACD, MCD are 
right, the line CD is perpendicular to the two .straight 
lines CA, CM ; it is therefore perpendicular to fheir plane : 
hence th^ point D is the pole of the arc AM, and conse- 
quently the angles. DAM, AMD are right. 

Scholium. The properties. of these poles enable us to 
describe ards of a circle on the surface of a sphere, with 
the same facility a^ on a plane surface. It is, evident, for 
instance, that by turning the arc DF, or any other line 
extending" to the same distance, round the poiht D, the 
extremity F will describe the small circle FNG J and by 
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turning the quadrant DFA round the point D, its extremity 
A will^ describe the arc of. the great circle AM* 

If the arc AM were required' 4d be produced, and no< 
thing were given but the points A afid M through which 
it was to pass, we should fir^t hate to determine the pole 
D, by the intersection of two arcs described from thepoints 
A and M as centres, with a distance equal lo a qvladtant; 
the pole D being found, we might desciil)e'^ the arc AM 
and its prolongation, from D as a centre, and with the 
same distance as before. 

Lastly,^ if it be- required from a giren |x)int P to jdraw 
a perpendicular on the given arc Ai/L-; produce this arc 
to S, till the distance PS be equal to a quadrant ; then 
from the pole S, and with the ^me distance, describe the 
arc PM, which wiU be the.perpei^diculat required. 



PBOFOSITIbN XX. \ 

Theorest. JSver^ plarie perpendicular to a radriis at it9 
extremity ^ is a tangent to fke sphere. 

Let FAG be a plane 
perpendicular to the ra- 
dius OA. Any point .M 
in this plane being as- 
sumed,, and OM, AM ^ 
being joined, the. angle 
0AM will be right, and 
hence the distance OM will be greater than O A. Hence 
the point M lies without the sphere; and as the case is 
similar with every other pohxt in the plane FAG, this plane 
can have no point but A common to it with the surface of 
the sphere : it is therefore a tangent (Def^ 10). 
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Scholium, la the 'same way it may-1^ shown that two 
spheres have but one point in commcm, andtherefore touch 

each .other^. when; the distance between their, centi^ed is 

> • ' ... ^ - 

equal to the sum or the difference of their radii ; in , which 
case, the centres and the point of contact lie in the same 
straight line. « . . ' . , . . ' 



PEO^OSlTlON xxi. 




TheoIIsm. The angle formed h^ two arcs of great circles is 
equal to the angle formed, hythe tangents of- these, arcs at 
the point of intersectiony and is iherefore rm^asured hythe 
arc described from the point of intersection as a pole^ fte- 
tweep, the sideSy produced if Ttecessarif, 
"Sot the tangent AF 

dra^n in the plan^ of 

the arc AB, is, petpen-^ 

dicular to the radiuB; 

AO ; and the tangent 

AG drawn in the plane jf^ 

of the arc AC, is pter-- 

pendicular to the same radius AO : : hence (B. V\ Def. 4) 

the angle PAG is equd,l to the angle contained by the 

planes OAB, OAC, which is that of the arcs AB, AC, and 

is named BAC. 
In like manner,'ifth9 arcs AI> and AE are both qua- 

chrants, &e linesf OD; OE will be perpendicular to AO, 

Wd the angle DOB wiir still be equal to the angle of the 

planes A0]>, AOE ; hence the^ard DE is the measure of 

■ - . - - ' ' ' ■ . 

th'e angle contained by these jdanes, or of the angle CAB. 

Cor*-^ The angles of spherical triangles may be compared 

together^ by means of >the arcs of great circles described 
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from tkeir yertices-as poleS| and radacled between their 
sides : hence it is easy to. make an angle of this^ kinji 
equal to a given ungle. 

Schoi,, Vertical angles, '^stlch as 
ACO and BCN are equal ; for ei*- 
ther of them is still the angle formed 
by the two planes ACB» OGN. 

It is farther evident, thieit, in the 
intersection of twd arcs A€B, OCN, 
the two adjacent angles AGO« OCB 
taken toge^eY afe equal to two right angles^ . 




PKOPosrrjEdN Mxn. 

T^oREM. If, v^th the vertices of a given iriangle as poles, 
arcs be described, forming a Hew triangle, ihtnto^ the 
vertices of this new iriangle be the poles respectively of the 
sides of the given triangle. 
For, the point A being the 

pole of the arc £F, the dis- 

tance AE is a quadrant; the 

poiiH C being the pole of the 

arc DE, the distance GE is. . 

likeijf ise a quadrant. : hence ; , 

the point. E is removed the k, 

length of a quadrant from ' 

each 0{ the points A' and C ; henc^ (B. VHI, Prop, xix, 

Cor. 3) it' is the pole of the arc AC. It inight be shown 

by the same ' method, that D is the pole 6f thaarc BC,tind 

F that of the arc AB. • ^ 

Cof^. Hence the triangle ABC may be described by 

m€ans of DEF, as IffiF may by means of ABC. 
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Theorem. The same supposition being made as in the last 
proposition, each angle in either one of the triangles vnll 
he measured by a semicircumferenee minus the side lying 
opposite to it in the other triangle* 

Produce the sides AB, AC, if 
necessary, till they meet £P iu 
6 and H. The point A being 
the pole of the arc GH, the an- 
gle A will be measured by that 
arc ; but the arc EH is a qua- 
drant^ and likewise GF, E being 
the pole of AH, and F of AG : 
hence EH+GF is equal to a semicircumferenee^ Now, 
EH+GF is the same as EF+GH; hence the arc GH, 
which measures the angle A, is equal to a semicircum- 
ferenee minus the side EF. In like manner, the angle 
B will be measured by ^ circ»-!-DF ; the angle C, by 
Jcirc— DE. 

And this property must be reciprocal in the two triangles, 
since each of them is described in a similar manner by 
means of the other. Thus we shall find the angles D, E, 
F of the triangle DEF to be measured respectively by 
I circ— BC, J circ.^AC) J circ— AB> The angle D, for 
example, is measured by the arc MI ; but 

MI + BC = MC + BI= J circ. : htence the 

arc MI, the measure of D, is equal to ^ circ— BG ; and 
«o of all the rest. 

X 
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Sekolmm* It must farther be ob- 
lerved, that besides the triangle 
DEF, three others might be formed 
by the intersectioB of the three arcs 
DE, EF, DF. But the proposition 
immediately before iis is applicable 
only to. the central triangle, which 
is distinguished from the other three by the circumstance 
that the two angles A and D lie on the same side of BC, 
the two B and E on the same side pf AC, and the two C 
and F on the same side of AB. 

Various names have been given to the triangles ABC, 
DEF ; but . they are now more generally denominated 
polar triangles. 



PKOPOSITIOM XXIV. 

Thsorbk. Any triangle an a sphere being given^ another 
triangle may he constructedi which shall have all its parts 
equal respectively to the corresponding parts of the given 
triangle. 

Let ABC be the given triangle. With 
A as a pole, describe the arc DEC pass- 
ing thrbugh C ; and with B as a pole, 
describe another arc DFC passing 
through C, and intersecting the former 
are at C. Then will the triangle ADB 
have all its parts equal to the corre- 
sponding parts of the triangle ABC. 

For, by construction, the side AD=AC, DB=BC, and 
AB is common ; hence those two triangles have their sides 
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ec^nal each to each, and it is to be shown that the angles 
opposite these equal sides are also equal. 

If the centre of the sphere is supposed to be at O, a solid 
angle may be conceived as formed at O by the three plane 
angles AOB, AOC, BOC ; likewise another solid angle 
may be conceived as formed by the three plane angles 
AOB, AOD, BOD. And because the sides of the triangle 
ABC are equal to those of the triangle ADB, the plane 
angles forming the one of these solid angles must be equal 
to the plane angles forming the other, each to each ; but 
in this case the planes, in which the equal angles lie, are 
equally inclined to each other ; hehce all the angles of 
the spherical triangle DAB are respectively equal to those 
of the triangle CAB, namely, DAB=BAC, DBA=ABC, 
and ADB=ACB : therefore the sides and the angles of 
the triangle ADB are equal to the sides and the angles of 
the triangle ACB. 



PROPOSITION XXV. 

Theoeem. Two triangles on the same sphere^ or on equal 
spheres, are equal in all their parts, when they have each 
an equal angle included between equal sides. 
Suppose theside AB=:£F, 

th« side AC = EG, and the 

angle BAG = FEG ; the tri- 
angle EFG may be placed on 

the triangle ABC, or on ABD 

symmetrical with ABC, just 

as two rectilineal triangles 

are placed upon each other 

when they have an equal 
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angle included between equal sides. Hence all the parts 
of the triangle EF6 will be equal to all the parts of the 
triangle ABC ; that is. besides the three parts equal by 
hypothesis^ we shall have the side BG = FG, the angle 
ABC s= £FG, and the angl^ ACB = EFG. 

PROPOSITION XXVI. 

Theobem. Tioo triangles on the same sphere, or on equal 
spheres, are equal in all their parts; when two angles and 
the included side of the one are. equol to two angles and 
the included side of the other. 

For one of those triangles, or the triangle symmetrical 
with it, may be placed on the other, and be made to co- 
incide with it, as is obvious* 

PROPOSITION XXTII. 

Theorem. If two triangles on the same sphere, or on equal 
spheres^ have all their sides respectively equal, their angles 
loUl likewise be all respectively equal, the equal angles 
lying opposite the equal sides. 
The truth is evident by Prop, xxrv. 
Book VIII, where it was shown that, 
with three given sides AB, AC, BC, 
there can only be two triangles ACB, 
ABD, different as to the position of 
their parts, and equal as to the mag- 
nitude of those parts. Hence those two 
triangles, having all their sides re- 
spectively equal in both, must either be absolutely equal, 
or at least symmetrically so ; in both of which cases, their 
corresponding angles must be equal, and lie opposite to 
equal sides. 
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PROPOSITION XXVIII. 

Theorem. In every i$oscefes spherical triangle, the angles 
typposite the equal sides, are equal ; (md, conversely , tfttoo 
angles of a spherical triangle are equal, theiriangle will 
be isosceles. 

First. Suppose the side AB=AC ; we 
shall have the angle C = B. For, if the 
arc AD be drawn from the vertex A to the 
middle point D of the base, the two tri- 
angles ABD, ACD will have all *he sides 
of the one respectively equal to the cor- 
responding sides of the other, namely, 
AD common, BD=DC, and AB=AC : hence, by the last 
proposition, their angles will be equal ; therefore B = C. 
Secondly. Suppose the angle B=:C ; we shall have, the 
side AC == AB. For, if not, let AB be the greater of the 
two ; take BO=AC, and join OC. The two sides BO, BC 
are equal to the two AC, BC ; the angle OBC contained 
by the first two, is equaHo ACB contained by the second 
two. Hence (B. VIII, Prop, xxv) the two triangles BOC, 
ACB have all their other- parts equal ; hence the an^le 
OCB= ABC ;. but, by hypothesis, the angle ABC=ACB ; 
hence w6 have OCB=ACB, which is absurd ; therefore 
AB is not different from AC ; that is, the sides AB, AC, 
opposite to the equal angles B and C, are equal. 

Scholium. The same demonstratioa proves that the 
angle BAD = DAC, and the angle BDA = ADC. Hence' 
the two last are right angles ; consequently the arc drawn 
from the vertex of an isosceles spherical triangle to the middlt 
of the base, is ut right angles to that hase^ and bisects the 
opposite angle. X 2 
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PHOFOSITION XXIX. 

Theorem. £i any spheriad triangle^ the greater side is 
opposite the greater angle; and^ conoersely^ the greater 
angle is opposite the greater side. 

First. Suppose the angle 
A > B : make the angle 
BAD = B; then (B.Vni, 
Prop, xxvin) we shall have /' 
AD=DB ; but AD-f DC is ^ 
•greater than AC : hence, 
putting DB in place of AD, we shall have DB + DC or 
EC > AC. 

Secondly. If we suppose BC>AC, the angle BAC will 
be greater than ABC. For, if BAC were equal to ABC, 
we should have BC=:AC ; if BAC were less than ABC, 
we should then, as has just been shown, find BC < AC. 
Both these conclusions are false ; hence the angle BAC 
ts grreater than ABC. 

PROPOSITION XXX. 

Thborsic. ^ two triangles on the same- sphere, or on equal 
spheres, are mutually equiangular, they will also he 
mutually equilateral., 

Let A and B be the two given triangles ; P and Q their 
polar triangles. Since the angles are equal in the triangles 
A and B, the sides will^ be equal in the polar triangles P 
and Q (B. Vm, Prop, xxiii) ; but since the triangles P 
and Q are mutually equilateral, they must also (B. Vm, 
Prop. xxTii) be mutually equiangular ; and, lastly, the 
angles being equal in the triangles P and Q, it follows 
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(B. ym, Prop, xxm) that the sides are equal in their 
polar triangles A and B. Hence the mutually equiangular 
triangles A and B are at the same time mutually equi* 
lateral. 

SchoL This proposition, is not applicahle to rectilineal 
triangles ; in which, equality among the angles indicates 
only proportionality among the sides. Nor is it difficult to 
account for the difference observable » in this respect, he* 
tween spherical and rectilineal triangles. In the proposition 
now before us, as. well as in the three last, which treat of 
the comparison of triangles, it is expressly required tha^ 
the arcs be traced on the same sphere, or on equal spheres. 
Now similar arcs are to each other as their radii : hence, 
on equal spheres, two triangles cannot be similar without 
being equal ; therefore it is not strange that equality 
among the angles should produce equality among the sides. 

The case would be different, if the triangles were drawn 
upon unequal spheres ; there, the angles being equal, the 
triangles would be similar, and the homologous sides 

would be td each other as the radii of their spheres. 

\ ... 

(* 

PaOPOSITION XXXK 

Theorem.^ The sum of all the angles in any spherical tri* 
angle is less than six right angles, and greater than two. 

For, in the first place, every angle of 
a spherical triangle is less than two right 
angles (see the following scholium) • 
hence the sum of all the three is less 
than six right angles. 

Secondly, the measure of s each angle 
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in a spherical triangle (B. Villi Prop, xziii) is equal to the 
semicircumference mima the corresponding side of the 
polar triangle ; hence the sum of all the three is measured 
hy three semicircumfeifences minus the sum of all the sides 
of the polar triangle. Now (B. VIII, Prop, xvn) this latter 
sum is less than a circumference ; therefore, taking it 
away from three semicircumferences, the remainder will 
be greater than one semicircumference, which is the 
measure of two right angles. Hence, in the second phice, 
the sum of all the angles in a spherical triangle is greater 

than two right angles. 

^ • - - 

Cor, 1. The.^um of all the angles in a spherical. triangle 
is not constant, like that of all the angles in a rectilineal 
triangle : it • varies between two right angles and six, 
without ever arriving at either of these lijnits. Two given 
angles, therefore, do not, serve to determine the third. 

Cor, 2. A spherical triangle may have two or even three 
angles right, two or three obtuse. 

If the triangle ABC have two right angles B and C, the 
vertex A ^ill (B. VIII, Prop, xix) be thfe pole of the base 
BC ; and the sides AB, AC will be quadrants. . 
. If the angle A is also right, the triangle ABC will 
have all its angles right, and its sides quadrants. The tri- 
rectangular triangle is contained eight times in the surface 
of the sphere ; as is evident from the figure in the next 
proposition, supposing the arc MN to be a quadrant^ 

Scholium. In all the preceding observations, we have 
supposed, in conformity with Def. 12, that our spherical 
triangles have always each of their sides less than a semi- 
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circumference ; from which it follows that any one of their 
angles is always less than two right angles. For (see the 
figure of Prop, zvii ) if the side AB is less than a semi- 
circumference, and AG is so likewise, both those arcs will 
require to be produced before they can meet in D. Now 
the two angles ABC, CBD, taken together, are equal to 
two right angles : hence the angle ABC itself is less than 
two right angles. 

We^may observe, however, that some spherical triangles 
do exist, in which certain of the sides are greater than a 
semicircumference, and certain of the angles greater thaa 
two right anglies. Thus, if the side AC is produced so as 
to form a whole circumference ACDE, the part which re- 
mains after subtracting the triangle ABC from the hemi- 
sphere, is a new triangle also designated by ABC, and 
having AB, BC, AEDC for its sides. Here, it is plain, the 
side AEDC is greater than the semicircumference AED ; 
and, at the same time, the angle B opposite to it exceeds 
two right angles by the quantity CBD. 

The triangles whose sides and angles are so large have 
been excluded from our definition ; but the only reason 
was, that the solution of them, or the determination of 
their parts, ^is always reducible to the solution of such 
triangles as are comprehended by the definition. Indeed, 
it is evident enough, that if the sides and angles of the 
triangle ABC are known, it wilL be easy to discover the 
angles and sides of the triangle which bears the same 
name, and is the difference between a hemisphere and the 
former triangle. 
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PROPOSITION XXZII« 




THiOKBir. The surface of a lunt is to the entire surface of 
the sphere^ as th( angle of the lune is to four right angles, 
or as the arc which measures the angle of the lune is to 
the circumference. 

Suppose, in the first place, the 
arc MN to be to the circumfe<!L 
rence MNPQ as some ^one ra- 
tional number is to another, as 
5 to 48> for example. The cir- 
cumference MNPQ being di- 
vided into 48 equal parts, MN 
will contain 6 of them ; and if 
the pole A were joined with the several points of division, 
by as many quadrants, we .should in the hemisphere 
AMNPQ have 48 triangles, all equal, because having all 
their parts equal. Hence the whole sphere must contain 
96 of those partial triangles, and the lune AMBNA will 
contain 10 of them ' : hence the lune is to the sphere^ as 
10 is to 96, or as 5 to 48 ; in other words, as the arc MN 
is to the circumference. 

If the arc MN is not commensurable with the circum- 
ference, we may still show, by the mode of reasoning 
employed in the case of incommensurable magnitudes, 
that in this instance, also, the lune is to the sphete as MN 
is to the circumference. 



Cor. 1. Two lunes are to each other as their respective 
angles. 
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Cor. 2. It was shown (B. VIII, Prop, ixxi, Cor. 2) 
that the whole surface of the sphere is equal to eight tri* 
rectangular triangles : hence, if the area of one such 
triangle is taken for unity, the surface of the sphere will 
he represented hy 8. This granted, the surface of the lune 
whose angle is A will he expressed hy 2 A (the angle A 
heing always estimated from the right angle assumed as 
unity), since 2 A : A : : 8 : 4. Thus we have here two 
different unities : one for angles, heing the right angle ; 
the other for surfaces, heing the tri-rectangular spherical 
triangle, or the triangle whose angles, are all right, and 
whose ^ides are quadrants. 

Scholium, The spherical ungula hounded, hy the planes 
AMB, ANB, is to< the whole solid sphere, as the angle A 
is to foi^ right angles ; for, the lunes heing equal, the 
spherical ungulas will also he equal : hence two spherical 
ungulas are to each other as the angles formed hy the 
planes which hound them. 



PROPOSITION XXXIII. 

Theorem. Ttoo symmetrical spherical triangles are equal 

in surface. 
Let ABC, DBF 
he two symmetrical 
triangles, that is to 
say, two triangles 
haying their sides 

AB = DE, 

AC = DF, 

CB = EF, 
and yet incapahle 
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of coinciding with each other : we are to show that the 
surface ABC is equal to the surface DEF. 

Let P be the pole of the little circle passing through the 
three points A, B, C ; from this point, draw (B. VHI, 
Prop. XIX, Schol.) the equal arcs PA, PB, PC ; at the 
point F, make the angle DFQ=ACP, the arc FQ=CP ; 
and join DQ, £Q. 

The sides DF, FQ are equal to the sides AC, CP ; the 
angle DFQ=ACP : hence (B. VHIj Prop, xxv) the two 
triangles DFQ, ACP are equal in all their parts ; hence 
the side DQ=AP, and the angle DQF=APC. 

In the proposed triangles DFE, ABC, the angles DFE, 
ACB opposite to the equal sides DE, AB being equal (B. 
VHI, Prop, xxiv), if the angles DFQ, ACP which are 
equal by construction, be taken away frdm them, there 
will remain the angle QFE equal to PCB. Also the sides 
QF, FE are equal to the sides PC, CB ; hence the two 
triangles FQE, CPB are equal in all their parts : hence 
the side QE==PB, and the angle FQE = CPB. 

Now, observing that the triangles DFQ, ACP, which 
have their sides respectively equal, are at the same time 
isosceles, we shall see them to be capable of mutual 
adaptation when appliied to each other ; for, having placed 
PA on its equal QF, the side PC will fall on its equal 
QD, and thus the two triangles will exactly coincide ; 
hence they are equal, and the surfac^r DQF= APC. For 
a like reason, the surface FQE = CPB, and the surface 
DQE=APB : hence we have 

DFQ + FQE-DQE = APC + CPB - APB, 
or DFE = ABC; 



BOOK Tm. 



277 



therefore the two symmetrical trianglcis ABG, DEF are 
eqnal in surface. 

Schol. The poles P and Q might lie within the triangles 
ABC, DEF ; in which case, it would be requisite to add 
the three triangles DQF, FQE, DQE together, in order to 
make up the triangle DEF ; and, in like manner, to add 
the three triangles APC, GPB, APB together, in order to 
make up the triangle ABC. In till other respects, the 
demonstration and the result would still be the same. 

PEOPosiTioN xxxnr. 

Theobeiic. If two great circles intersect each other on th$ 
surface of -a hemis'pherer^ the sunt of the opposite triangles 
thus formed will be equivalent to the lune whose angle is 
equal to the angle formed hy the circlesr 
Let the circumferences A0&, 

CODintersect on the hemisphere 

OACBD; then will the opposite 

triangles AQC, BOD ' be equ^l 

* 

to the lune whose angle is BOD^ 

For, producing the arcs OB, 

OD in the other hemisphere, till 

they meet in N ; the arc OBN 

will be a semicircumference, aiid AOB one also; and 

taking OB fromeach, we shall have BN =t AO. For a like 

reaston, we have DN=CO, and BD=AC. Hence the two 

triangles AOC, BDN have their three sides^ respectively 

equal ; besides, they are so placed as to be symmetrical : 

hence ( B. VIII, Prop, xxxiii) they are equal in surface, 

and the sum of the triangles AOC, BOD is equal to the 

lune OBNDO whose angle is BOD. 

Y 
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PBO]»OSITION ZZZV, 

Theobem. The surfau of any spherical triangle is measured 
hy the excess of the sum of its three angles^ above two, right 
angles. 

Let ABC be the proposed tti- 
angle : produce its sides till they 
meet the .great circle DEFijr, 
drawn anywhere without the tri- 
angle. By the last proposition, the 
two triangles ADE, AGH are to^ 
gether equal to. the lune whose 
angle is A, and which is measured 

(B. VIII, Prop, xxxii, Cor. 2) by 2 A c hence we have 
ADE+AGH = 2 A ; and, for a like reason, BGF+BID 
= 2 Bv and CIH+CFE = 2 C' But the sum of those six 
triangles exceeds the hemisphere by twice the triangle 
ABC, and the hemisphere is represented by 4; therefore 
twice the triangle ABC is equal to-2 A + 2 B + 2 C — 4, 
and consequeatly once ABC = A + B + C — 2 : hence, 
every spherical triangle is measured by the sum of all its 
angles minus two rigfht angles. 

Cbr. 1. However many right angles Jthere' be contained 
in this measure, just so many tri-rectangular triangles, or 
eighths pf the- sphere, .which (B. VIII, Prop, xxxii. Cor. 2) 
are the unit of siiHace, will the proposed triangle contain. 
If the angles, for example, iBire eacbJ equal to a. of a right 
angle^, the three angles will amount to 4 right angles, and 
the proposed, triangle will be represented by 4 — 2 or 2 ; 
therefore it will be equal to two.tr ['rectangular triangles, 
or to the fourth part of the whole surface of the sphere. 
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Car, 2. The spherical triangle ABC is equal to the lune 

whose angle is ■ 1. Likewise the spherical 

pyramid which has ABC for its hase, is equal to the 
spherical ungula whose angle is 1. 

SchpL While the spherical triangle ABC is compared 
with the iri-rectangurar triangle, the spherical pyramid, 
W^hich has ABC for its base, is compared with the tri- 
rectangular pyramid, and the same ratio is found to 
subsist between them. The solid angle at the vertex of 
the pyramid is, in ]ike manner, compared with the solid 
angle at the vertex of the tri-^fect^ngular pyramid. These 
comparisons are founded on the coincidence of the cor- 
responding parts. If the bases of the pyramids coincide, 
the pyramids themselves will evidently coincide, and 
likewise the solid angles at thjeir vertices. From this, the 
following consequences are deduced : 

^irst. Two triangular spherical pyramids are to eacli 
other as their bases ; and since a polygonal pyramid may 
always be divided into a certain number of triangular ones, 
it follows that any two spherical pyramids are to each 
other, as the polygons which form their bases. 

Second, The solid angles at the vertices of those pyra- 
mids are also as their bases : hence, fbr comparing any 
two solid angles, we have merely to plaoe their vertices 
at the centres of two equal spheres, and the solid angles 
will be to each other as^tUe spherical polygons intercepted 
between their planes or faces (B. VI, Prop, xxi, SchoL). 

The vertical angle of the tri-rectangular pyramid is 
formed by three planes at right angles to each other : this 
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angle, which may be called a right solid anghj will serve 
as a yeiy natural unit of measure for all other solid angles ; 
and, if so, the same number that exhibits the area of a 
spherical polygon, will exhibit the measure of the cor* 
responding solid angle. If the area of the polygon is |, for 
example, in other words, if the polygon is } of the tri- 
rectangular polygon, then the corresponding solid angle 
will alao be } of the right solid angle. 

PROPOSITION XXZVI. 

Tflsoasx. The surface of a spherical fobygon is measured 
bp the sum of all its angles^ minus the product of ttoo 
right angles hythe number of sides in the polygon minus 
two* 

From one of the Terticed A, let 
diagonals AC, AD be drawn to all 
the other yertices ; the polygon 
ABODE will be divided into as many e^ 
triangles, minus two, as it has ^ides. 
But the surface of each triangle u 
measured by the , sum of all its 
angles minus two right angles, and the sum of the angles 
in all the. triangles is evidently the same as that of all the 
angles in the polygon : hence the surface of the polygon 
is equal to the sum of all its angles, diminished by twice 
as many right angles as it has sides minus two. 

Schol. Let s be the sum of all the angles in a spherical 
polygon, and n the number of its sides ^ the right angle 
being taken for unity, the surface of the polygon will be. 
measured by / — 2 (« — 2), or « — 2n + 4. 
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APPLICATION QF ALGEBRA TO THE SOLUTION OF OEOBCETBICAC ~ 

PROBLEMS. 

Problem I. In an equilateral triangle^ having given the 
lengths of the three perpendiculars dravm from a certain 
point within it to the three sides ^ to deter^nine its side. 

Let ABC be the equilateral triangle, 
and DE, DF, DG the perpendiculars 
from the point D upon the sides re- 
spectively. Denote these perpendiculars 
by afb, c, in order, and the side of the 
triangle ABC by 2x Then, if the perpendicular CH be 

drawn, CH = VAC^-^AH^ = >/4z*--x' = xy/2. - 

The area of the triangle ADB = ^ AB.GD = ex. Si- 
milarly the triangle BDC = aa:, the triangle CD A = bx^ 
and, the^ triangle ACB = J AB . CH = x^y/9. Also 
BDC +XJDA +.ADB = ABC ; that is, in symbols, 

a:V3 = (a+&+c)a;, and x = ^±^, which is half the 
side of the triangle sought. 




y/^ 



Cor. From the resulting equation, we hate 

x^S = a -\- b + c : 

we also had GH = x y/3. Hence CH = a + i -f- c ; or 

Y2 
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the whole perpendicular CH is equal to the sum of the 
three smaller perpendiculars from D upon the sides, 
whenever the point D is taken within the triangle. Had 
the point D been taken ynthout the triangle, the perpen- 
dicular upon the side which subtends the angle within 
which the point lies would become negative. Thus, had 
the point been without the triangle, but between the sides 
AB, AG produced, then CH = DF +^ DG - DE. 



r- 




B 



Problbm n. A maypoh was hroken cff hy the wind, arid its 
top struck the ground twenty feet from the base ; and^ 
being repaired, was broken a second time five feet lower, 
and its top struck th^ ground ttn feet farther fromjhe 
base. What was the height of the maypole ? 
Let AB be the unbroken maypole, G . 
and H the points in which it was suc- 
cessively broken, and D and F the cor- 
responding points at which the top B 
struck the ground. Then will GAD and 
HAF be right-angled triangles. 

Put BG = GD=x, G A = y, AD = a, 
AF =^, and GH = c. Then AB= rr 4-y, 
BH=HF=:i»+c,andHA=y— c; there- 
fore [B. II, Prop, viii] we have 

y' + a' = x\ [1] 

(y-cr + ** = (a:+c)'. [2] 

Expanding [2] and subtracting [1] from it, we have, i^ter 
a slight reduction, 

b'-a^ 



x+y = 



2 c 



= 50 feet, the required height. 
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Pboblem III. A statue eighty feet high stands on a pedestal 
fifty feet high^ andy to a spectator on the horizontal plane^ 
they subtend equal angles ; required the distarwe of the 
observer from the base, the height of the eye being five feet. 

Let AB = a, the height of the 

pedestal ; 
BC = &, the height of the 

statue ; 
DE = c, the height of the E| 
eye from ground ; 
and DA = EF=a:, the distance ^' 
sought. Then ECT" = EF*+CF* = a:»-f-(a+J-c)', and 

, EA' = EF'+ED» = <x:*+c\ 

But, since the angle CEB = BEA, we have [B. IV, Prop, 

xui] EC : EA : : CB : BA, or 

ECV: EA» :: CB' : B A'; or, in symbols, 

x»+(a+5-c)' :' z^+c" : : b^ : a\ 

From this proportion, we readily deduce 

^ ^ .±^(i(±z£)^±i(fjz£!)) ; 

the double sign merely indicating that this value of x may 
be measured either 'way, from A towards D, or from D 
towards A. 
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Peoblbk IV. Given the three sides a, b, c of a triangle^ to 
JM: 

1. The three perpendiculars from the angles upon the 

opposite sides ; 

2. The area of the triangle ; 

3. The radius of the drcumscrtbed circle ; 

4. The radius of the inscribed circle ; 

6, The radii of the escribed circles (See Art. 87). 

4 

Let ABC be the triangle ; and let a, 5, -p denote the 
sides opposite the angles A, B, C respectively ^ and Pi, 
P„ P, the perpendiculars drawn from the angles A, B, C ; 
^ the area of the triangle ; R the radius of the circum- 
scribing circle ; r that -of the inscribed circle ; and r„ r^, 
r, the radii of the three escribed circles, which touch the 
sides a^ h, c externally. 

An escribed circle has already been defined (Art. 87) as 
a circle which touches one of the sides of a triangle ex- 
teriorly, and the other two sides produced. 

We have already found (51) the perpendiculars to be 
p %/(a+fr-hc) (^g-h ^+c) (fl-^- hc) (a-h^^) 

r, = ^- , [1] 

p _ y/(a^b+c) (^g+^-f-cH ^^+e) (a-^b-^) ^^^ 
p _ '/{a+b+c) (-g+ft +c) (g- ft+c) (a+b^) «., 
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We have, also,~ under the same article, found the area 
to.be 

^ = i (^^) (=4^*) (^=P^ (^^) 1 *• w 

We know [B. IV, Prop, xxvii] that the diameter of. the 
circumscribing circle, multiplied into either perpendicular, 
is equal to the product of the sides containing the angle 
from which the perpendicular is drawn. Hence 

2RXPi = ic, and R = ^. 



Substituting for Pi its value already found, we have 

ahc 



R = 



y/{a+b+€) (— a+6-hc) (a-ft+c) {a+b^c) 



[5] 



The sum t)f the areas 

of the three triangles 

ADB, BPC, GDA equals 

the area ABC. But 

ADB = Ire, 

BDC = ira, 

CDA =. irb; 



lienee 




r =± 



X r = A, and 



2 A _ j {^a+h+c){a^b^d){a+b^c} \ i 



a-K-H 



;=! 



4 ia+b+c) 



y.m 
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I 

We will now seek the radius r^ of the escribed circle, 
whos<e centre is at D. 




Area DB^l + DCA — DBC is ^vid^ntly equal to the 
ariea ABC. Area DBA is equal to the base AB multiplied 
by half the perpendicular drawn from D upon AB pro- 
duced t hence area DBA ;^ c X | ri = ^ cti. In a similar 
way, we find area DCA == ^ bri, and area DBC = ^ari. 

Therefore we have ~ 



X r^ = A, and 



[8] 



^ _ 2A __ ( {a^h+c) (a—b-^c) (g^b—c) ) k p^. 
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By simply permuting, we obtain 

"^^ - I — 4(a+6-c) -— i • L^'J 

Equation [8] readily gives - zr ' ^ T » *^^» ^^ * 

similar manner, - = — - — L_, and - = — 1 ; 

' rs 2A ra 2A 

therefore -^ + - + - = --Z__i_. But we have already 

from equation m, r = , oi* - =: ^ . . ; 

therefore we have _=;-+-+-. [12] 

Since any side of a triangle, multiplied by th^ per- 
pendicular which meets it &om the opposite angle, gives 
double the area of the triangle, we have 2a = aPj, or 

.|^ = a. , [13] 

In a similar manner, we have 

^ = *. [14] 

^ = c [15] 

t 

V 

Taking the product of [13], [14] and [15], we have 

^f^' z= aic. [16] 
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Again, we have 2 R Pi =: ^, [17] 

2 R P, = ac, [18] 

2 R P, = a*. [19] 

Taking the product of [17], [18] and [19], we have 

8 R' PiP,P, = a'iV. [20] 

Extracting the euhe root of the product of [16] &; [20], 
we find _ . 4R A = aic - [21] 

Dividing [20] by the square of [16], we find 

"Dt p9 pS pS 

fLLii:l£i =s 1, or RPxP,P, = 2 A*. [22] 

By taking the continued product of [7], ^[9J, [10] and 
[11], we have 

_ {a^h+c)i -a+ h^e ){a^h+ c)(a+l-c)_ ^, 

[23] 



'•^»^^^» r 16 



By multiplying [5] and [7] together, or [7] and [21], 
we have 2 Rr - -^^. [24] 

By a similar multiplication, we find 

2Kn = -**£—. 

2Rr, = -^ '> [25] 

2Rr. = *** 



a-f-6— c 
By combining the values of [9], [10] and [11],. by two 

and two, we find rirg+nra+rafs = (ii-ii) . [26] 



APPXlTDn. 289 

We may also deduce 

A* 

***■ = P.P_L.P.P_L.P.P. [28] 



p. 



PiPrfP^rfP,P, 
r,+n' 



^' = 7^.' ^ t29] 



P, = 



_ 2r,r, 



r'-f-r» 



1+1 -1+1 



l+i-k+h r p^i 



n+r,+ r, = 4R + r. [31] 

Any of the foregoing expressions, when properly trans- 
lated into common language, leads to a theorem. We will 
translate some of the most interesting ones. 

Equation [12] gives the following 

Theoeem. The reciprocal of the radius of the inscribed 

circle is equal to the sum of the reciprocals of the radii of 

the three escribed circles. 

Z 
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Equadon [21] yields the following 

Thboksm. FfMT times the radius of the circumscribed 
circle^ into the area of the triangle^ is equal to the contiraied 
product of the three sides. 

Eqaation [22] gives this 

Thborem. The radius of the circumscribed drde, into the 
continued product of the three perpendiculars^ is equal to 
twice the square of the area. 

Eqaation [23] gives this 

Theorem. The radius of the inscribed drde^ into the 
oontirmed product of the radii of the three escribed circles ^ is 
equal to the square of the area. 

Equation [27] gives this 

Theorem. The sum of the reciproctds of the three per" 
pendiculars is equal to the sum of the reciprocals of the three 
radii of the escribed circles. 

By combining the equations already formed, new ones 
would arise, which might still afibrd interest. Thus, by a 
comparison of equations [22] and [23], we find 

RPjP.Pa = 2rrcr^r,; [32] 

which gives this 

Theorem. The radius of the circumscribed circle^ into the 
contiraied product of the three perpendiculars^ is equal to the 
diameter of the inscribed cirde\ into the contiraied product of 
t?ie three radii of the escribed circles. 
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Problem V. Given the three sides of a triangle, to find the 
three tines drawn from the angles to the middle paints of 
thm opposite sides. 

Let ABC be the triangle. De- 
note the sides opposite the angles 
A, B, C, "by a, ft, c respectively; 
also denote the lines drawn from 
the angles A, B, G to the middle 
points of Ihe opposite sides, by 
mi, wig, m^ respectively. Then 
(B. n, Prop. XII ) we shall have A B B 

2AF'+2BF» = AB'^- AC% or 

2 mj + J a'" = c* + ft* ; which gives 
4:m\ = -a«+2ft«+2c«. [1] 

In a similar manner, we find 

4m| = -ft*+2c« + 2^«, [2] 

4wS = -.c' + 2a*+2ft'. [3] 
Equations [1], [2], and [3], readily give 




Ml = jV-a''+2ft«+2cV 



m, = ^x/_5"+2c''+2a% 



[4] 



m^ = i%/-c''+2a«H-2ft«. 



We will now deduce a few remarkable relations, 
which, when properly translated, will give some beautiful 
theorems. 
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Taking the sum of [1], [2] and [3], we obtain 

4(^I + i»^ + «i5) = 3(a«+ft«+c»). [5} 

If we take the product of [1] and [2], we shall Save 
16mljfi;= -2a*+6a'ft*+2aV-2i*4.2dV+4c\ [6] 
By simply permuting, we find 
16m5«^= -25*+55V-f-2ftV-2c*+2c'a'+4a*, [7] 

16 !»;«»!= -2c*+5cV+2c**«-2a*-)-2a'd'+45\ [8] 

Taking the sum of [6], [7] and [8], we obtajn 

16 K»i;+f«J«iI+in;«i?) = 9 (a«i'+ JV+c'a*). [9] 

If, from the square of [5], we subtract twice [9], we 
shall have 

16(mJrf«iJ + «^) = 9(a*+5*+c*). [19] 

The point where these lines trisect each'other, is the 
centre ^of gravity of the triangle ( B. IV, Prop, xrv, and 
Art. 73). If we denote the distances AK, KEi[, GK, by d^, 
di, dz respectively, we shall have »ii = J di^ ^s = } <^t 
ms = f ^3. These values substituted in [5], [9] and [10], 
cause them to become 

3(i! + «5 + <5) = a'+J'+c", [11] 

9(i!«r,+«il<e + <e<i!) = a'i'+JV+c'a', [12] 

9(<iJ+<Q + «e^) = a*+6*+c*. [13] 

Equation [5] is equivalent to the following 



APPCNDIZ. 



293 



Theoeem. FaiiT tiTnet' the sum of the squares of the lines 
drawn from the angles, of a triangle to the middle points 
of the opposite sides, is equal to three times, the sum of the 
squares of the sides. 

. ETquation [9] gives this 

Theorem* Sixteen times thf sum of the products, taken 
two at a time, of the squares of the; tines drawn from the 
angles of a triangle to the middle points^ of the opposite sides, 
is equal to nine times the sum of the products, taken two at 
a. time, of the squares of the sides, 

^ Equation [10]' gives this 

Theobem. Sixteen times the sum of the fourth powers of 
the lines draum from the angles of a triangle to the middle 
points of the opposite sides, is equal to nine times the sum of 
the fourth powers of the sides, ^ 

Equations [11], [12] and [iS] would lead to beautiful 
theorems in reference to the distances of the centre of 
gravity of three equal bodies, and the mutual distances 
of the bodies themselves. Pot it is evident that, instead 
of considering the triangle as^ material, we may suppose 
equal weights placed at its vertices ; and, under this point 
of view, equation [11] will giv^ the following 

Theorem. Three times the sum cf the squares of the dis' 
tances of three equal bodies from their common centre of 
gravity, is equal to the sum of the squares of their mutual 
distances, 

Z2 




2M Bi«sMxirn of oxomstrt. 

Pboblbx VI. Gtuen tht three sides of a triangle^ to find the 
lines bisecting the atigleSy and terminating in the opposite 
sides, ' . 

Let the sides op- ^ 

posite the angles A, 
B, G be denoted by 
a, ft, c respectively ; 
also denote the lines ^ 
which bisect thd Q 

angles A, B, C respectively by Zi, k, V Then (B. IV, 
Prop, xiii) we shall iave 

AB : AC : : BD : DC. Consequently 

AB + AC : AB : : BD+DC : BD, 
AB + AC : AC : : BD + DC : DC ; > or, in 
symbok, c + ft : c : : a : BD, 
c + ft : ft : : a : DC. 

Hence BD = -^ ; DC = ^Z 

c+b c-\-o 

- / \ » . • 

Again (B. IV, Prop, xxvi), wc have 

AB X AC = AD* + BD X DC ; which becomes 

cb = P, + —^ This readily gives 

Tx = eft— ■ « ■> or 

« ch{a-\-h-\-c){—a-\- h-\-c) ,*, 
^ = — (c+6/ ^^J 
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In a similar manner, we find 
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^ _ ac(g+ 6+c)( a— 5+c) rg^ 

» _ ha{a + h + c) (a+ft— e) r^-. 

5 ^H^JT [3] 



Equations [1], [2], [3], give 



7 Vxih(a+b-\'C) (—u+b-^-e) 
ii = YT > 






. , \/fta(a+&4-«)(a+*--c) 

^ =3 — , — : . 

Taking the continued product of these values given by 
[4], we find 

ILL g6g(o-H>-hc)>/i,a-f 6+c ) (I-a-|-H^> (g—ft^c) (a+6— c> . 
'^^"^ (a-H) (ft+cKc+a) 



The expression ^^(04-6+0) (— a+ft+c) (a— 6+c) (0+6— c) is 
equal to four times the area of the triangle (see Prob. 4), 
which we will denote by 4 A. ; so that we shall have 

,,, 4 aftc(g^+^4-c)A r^-, 
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Problem VII. To determine a right-angled triangle^ having 

given the hypothenuse and differenjce of two ItTtes drawn 

from the ttoo acute angles to the centre of the inscribed 

circle. c 

Let 
AC = A; 
AO =x + d; 
CO nrTT-rf, 
d beiog half the 
diflference of the 
lines AO and CO. Produce AO, and draw CP perpen- 
dicular to AO thus produced; Then since the angle COD 
is equal to the sum of CAO and ACO (B. I, Prop, xzv), 
and since CAO is half the angle CAB, and ACO the half 
of ACB, it follows that. COD is half a right angie ; con- 
sequently OCD is also half a right angle : therefore OD 
is to OC, as the side of a square, is to its diagonal ; that 
is, as 1 to v^2 [B. IV, Art. 64]. Hence 




OD := CD = 



^■"^ and AD = x + 1^ + ^"^ 



Again, AC = AD* + CD* ; or, which is in S3rmbols 



-('^"^■^y+i^Y- 



V2 



This readily gives x = C~^^~/^^0*- 



2+>/2 



in 

[2] 



Having found a:, we of course know AO and CO. Let 
AO be denoted by a, and CO by b ; also let the radius of 
the inscribed circle be denoted by r. 

Then AF = v/AO*-0F' = y/a* - r\ 



CE = v/CQ« - 0E« = y^h'' - r*. 
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But AF = AG, and CE = CG ; therefore 



Va'-^r^ + Vb'-rr' = h. [3] 

This readily gives 

This value of r might have been found as follows : In 
the triangle AOC, all the sides are known ; and it is re- 
quired to find the perpendicular OG, which is r, the radius 
of the circle. Under Prob. 4, we have found the perpen- 
diculars when the three sides are known. The perpen- 
dicular OG found in this way, will be precisely the same 
as the above value of n 

Now, having found r, we will denote AB by x, and CB 
by y ; then AF = x — r, and CE z=z y — r. Hence, 

AF + CE = A=:a: + y- 2t. [5] 

Again, xy = double the area of the triangle ABC ; 
also {x+y+h)r = double the area. Therefore, 

ary = (x + y + h)r. [6] 

Equations [5] and [6] readily make known x and y, or 
the sides of the triangle :, these values are 



X , 



[7] 



y = , 
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Problbx Vin. In a right-angled triangle^ having given 
the perimeter^ and the perpendicular drawn from the 
right angle upon the hypothenuse ; to find the sides of the 
tHangle. 
Let S = sum of sides, or perimeter; 
P = perpendicular CD j 
AC = x, and BC = y. 

Then wiU v^?+y^ = AB. 

xy =^ double the area of triangle ABC ; al30, 
TVz^+y* = double the area of triangle ABC : 
therefore xy = Fy/x^^y".. [1] 

We also have z + y + \/x'+ 3^ = S. [2] 

Equation [2] becomes, by transposing and squaring, 
{x + yY = (S--%/?T?)% or 
x^+Qxy + y" = S'- 2S\/?+7 + a;»+y», or 
2xy = S»-.2Sv/?HhY. [3] 

Taking the double, of [1], we have 

2xy = 2T?Vx^+y\ [4] 

Equating right-hand members of [3] and [4], we have 
2 Pn/?T7 = S"- 2 SVF+Y, or 

S 



^''+y = wwy ^^ 



Using this value in [1], we find 



xy = ^9' . [6] 
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Squaring [5], we have 

Adding twice [6] to [7], and also subtracting twice [6] 

from [7], we have 

, , o , . S*(S'+4PS + 4P) re, 

, o L . S'(S'-4PS-4P*) TQ, 

x--2xy + y' ^ -i j^jq-g- -'. [9] 

Extracting the square root of [8] and [9], we have 

^^ 2(P+S) ' *• ^ 



a: — t/ = =:^ . [11] 

Hence 

^ _ S(S + 2P) + Sv/S'-4PS-4P' pjg, 

^ - ^ 4(P+S) ' t^^J 



^ S(S-^2P)-.Sv/S'-4PS-4F' .^g, 

4(P-|-S) ' *• ■* 



Problem IX. To determine a right-angled triangle; having 
given the hypothenuse^ and tide of the inscribed square. 
Let h = hypothenuse ; 

s = side of inscrihed square ; 
AB = Xj and BC = y. 
Then AE : AB : : EF : BC ; that is, 
2:— 5 : X : : s : y, or 

xy = (x+y)s. ' [1] 

Again, ar'+y' = A\ [2] 

Add twice [1] to [2], and we obtain 
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a^+2xy+f^ = 2s{x+y)+h\ or 
{x+yY-2s{x+y) = h\ . [3] 

wlieh is a quadratic in terms of x+y : hence we find 

x+y = s+>/7+h\ [4] 

Substituting this value of x + y in [1], and we shall 
obtain xy = s* + sy^7+k\ [5] 

From the square of [4] subtracting four times [5], we 
obtain a:«-2a:y+y* = V^2s'--2sV7+h\ [6] 
Extracting the square root of [6], we have 

x^y = \/Fir2^^^r27^;;^^. f7] 

Taking half the sum of [4] and [7], and also half their 
diiSerence, we obtain 

_ s + y/7+V + (A* - 2 5*- 2 s VTTh*)^ roi 
2 , [SJ 



« = 



P = 



[9] 



PaoBLBM X. To determine a rtght'angled triangle; hating 
given the hypothenuse, and the radius of the inscribed 
circle. 
Let h = hypothenuse ; 

r = radius of the inscribed circle; 
AB = Xf and AC = y. 
Then BF = BE - x-r, 
and CF = CD = y— r; therefore 
BC = BF + CF = x+y- 2r = h, or 

x + y =z 2r + h. [1] 

Again, xy =^ double the area ; 
(x+y+h)r = {x+y)r + hr = double the area : 
therefore xy = (x+y)r + hr. [2] 
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In [2], for x+y substitute its value given by [1], and it 
will become xy = 2r{r-{-k). [3] 



Equations [1] and [3] readily give 



X = 



2r + k + \/A'— 4Ar — 4r» 



[4] 



y = Z 



[5] 



Problem XT. To determine a right-angled triangle; having 
given the lengths of the lines drawn from the acute angles ^ 
to the middle joints of the opposite sides. 



Let AE = a, and CD = i ; 
also AB = a;, and BC = y. 
Then will AB^ + BE^ = a\ or 

X' + if = k\ 
. In a similar way, we find 



[1] 
[2] 



Equations [1] and [2], when cleared 
of fractions, become 

42;' + y' = 4 a', 

a:' + 4y' = M\ 
These equations give 




X 






-y 

15 



4 ft'-a' 
13 



[3] 
[4] 

[5] 
[6] 



Aa 
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Problem XII. To determine a triangle ; having given the 
baset the perpendicular ^ and the difference of the ttoo other 
sides. 

Let p = the perpendicular, 

d = half the difference of sides; 
z+d = AC, 
z^d = BC. 

h = half the base ; 
h+y = AD, 
ft-y = DB. 

Then from the right-angled triangles ADC, BDC, we have 

{h+yy + p' = {x+d)\ [1] 

{h-yY + p' =^ {x^d)\ [2] 

Expanding [1] and [2], and then taking half their sum 
and one-fourth of their difference, we obtain 

y+f+p' = x'+^, [3] 

by = dx. [4] 



These equations readily grve 

_ / h-'-d'+p\ i 

Hence AC = j(51:^+p:)*+ rf, 



[5] 



[61 



[7] 



[8] 
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Problem XIII. To determiiU. the radii of three equal circles^ 
described in a given circle^ to touch each other ^ and also 
the circumference of the given circle. 

Let D be the centre of 
the given circle, whose 
radius we will denote by 
R ; also let A, B, C be the 
centres of the three equal 
circles, whose common ra- 
dius we will denote by r. 
Then joining A, B and C, 
we have the triangle ABC 
equilateral, each of whose 
sides is 2 r. Drawing CK 
perpendicular to AB, the right-angled triangle AKC gives 

CK« = AC» - AK% or in symbols 

CK' = 4r* — r' — 3r'; consequently, 

CK - r^3. [1] 




Now [B. IV, Prop, xiv] CD = f CK z= | rv/3. 
But ED z= EC + CD ; that is, 

R = r + |rv'3: 
from which we readily find 

3R R 



[2] 



[3] 



^t 



r ^ 



3 + 2^/3 1 + 2y/^' 



[4] 
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Pkobleh XIV. Given the radius t of a circle, to find the 

sidfs of the inscribed and drcumseribed pevtagom and 

decagora. 

1, The inscribed pentagon. Let ADBCE be the pentagon 
inscribed in the circle ( B. V, 
Prop. TUi), and let O be the 
centre of the circumscribing 
circle. Join AB, AC, and draw 
AF perpendicular lo BC ; then, 
by known properties, BC is bi- ' 
sectcd in O, and the line AF 
passes through the centre O of 
the circle. Since the angle ADX 

is measured by half tlie arc AEC (B. Ill, Prop, viii), and 
the angle AXD is measured by half the sum of the arcs 
AD and BC (B. Ill, Prop, iiu), it follows that these angles 
are equal, and the triangle DAX is isosceles. 

Again, the angles DAX and BAC are equal, being 
measured by halves of the equal arcs DB, BC : hence the 
triangles ABC and DAX are similar. But the triangle 
DAX is obviously equal' lo BCX ; therefore 

AB : BC : : BC : BX; 
but BX = AB - AX = AB - BC ; therefore 

- AB : BC : : BC : AB - BC. [1] 

Put BC = 2 ar, or BG = ar ; BA = y, and BF = * ; 
and the above proportion will become 

y : 2x : : 2x : y — Qx; which givea 
y = {l+^S)x. [S] 



■I'iH. 
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Now we have OG = y/r^—x*, AG = y/y^—x^; and 

hence AG = AO + OG gives s/y^—x^ = r + \/r''— a;', 

or, squaring, xf— 2 r' = 2 ry/r^-^x'^. Again squaring, we 
have 2^*- 4 ry + 4 rV = 0. [3] 

Substituting the value of y as given by [2], we find the 
side of an inscribed pentagon 

2x = irv/10-2^<5. [4] 

We have y = a:(l + ^5) = i rv/10+2^5, [5] 

OG = v/r^-a:'* = Vr^-. i(5- v5)r' = ir(l 4-^/5). [6] 

2. TAe inscribed decagon. Join BF : then since AF 
bisects the line BC at right angles, it bisects the arc BFC 
in F ; and hence BF is the side of the inscribed decagon. 
But ABF being a right angle, since it is in a semicircle, 
we have BF'' = FA^ — AB% or, in symbols, 

or, extracting the square root, we have for the side of the 
inscribed decagon z = \t{^5—\), [7] 

3. The circumscribing pentagon. The inscribed and 
circumscribed pentagons being regular, are similar figures, 
and their sides are as the perpendiculars from the centre 
upon the sides. That is, if PK be a side of the circum- 
scribing pentagon, we shall have 

OG : OB : : BC : PK ; or, in symbols, 



PK = Q^X^^ = r.irVlO- ^2^ ^ 2rV5^:2^5. 
OG iril+^6) ^ 

[8] 



SM 
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4. The circumscribing decagon. Let QR be one of the 
sides ; and drifw OH perpendicular to BF, which it bi- 
sects in H. Also by similar triangles ABF, OHF, we 

have OH = iAB = iy==J rVlO + 2y/5. 
Also, as in the last case, 

OH : OF : : BF : QR ; which gives 
QR ^ OFXBF ^ r.iri^5^ ^ 2r./^^^^^ 

OH 4rV10+2x/5 V ~ 5 



Problem XV. Given the lengths of three lines drawn from 
a point to the three angles of an equilateral triangle, to 
find its side. 

Let ABC be the triangle, and D the point. 

c 
Put AD = a, 

BD = by 

CD = c; 
AB = 2 a;, 

EF - y, ^ 

FD = Z, ^ EP S"EB 

Then will AF = a: + y, and BF = x — yoxy — x. 





CE = v/AC^-AE"^ = v/4a:^-a;'' = x^^\ 

and CG = x ^^ — z, or z — x y/2. 

Hence we have the following relations trae, whether 
the point D is within the equilateral triangle, or mthout it. 

{x+yY+z' = «', [1] 

(a;-y)' + «' = b', [2] 

{x^3-zy + f = c'. [3] 
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Subtracting [2] from [1], we find 



Axy = a'— 6% or y = — _ ; [4] 

consequently y* = ii^^jJ.. [5] 



Equation [1] gives immediately 2: = v^a"— (x+y)'; in 
which, substituting for y its value given by [4], we have 



' = V''- (' + ^7- m 

This value of z, and the value of y* given by [5], being 
substituted in [3], will cause it to become 



This equation contains only the unknown a:, which value 
may therefore be found : the reduction leads to 

16a:*-4(a'+i''+cV= -a*-ft*-c*+a'ft'+*V+cV. [8] 

This equation, when solved by the rule for quadratics, 
gives 
2x = \ g* + y + c'd= v/6 ;a»6«+6 V+c«a';- 3 .a^+ft^+g^l \ *.|-9] 

We must use the + sign when the point is within the 
triangle, as in the first figure ; and the — sign when the 
point is without, as in the second figure. 

If we suppose a triangle to be formed with the three 
lines a, ft, c, and denote its area by A, expression [9] will 
become 

2z=(^±*l±f'-±i^^)*. [10] 
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By referring to Art. 28, it will be seen that we have 
already given a geometrical solution of this problem in 
the case where the point is within the triangle, which 
corresponds with the above expression when the + sign 
is used. A geometrical solution for the case where the 
point is without the triangle, will be as follows : 

Let the equilateral triangle HFG (figure of Art. 28) be 
constructed on the other side of the line GF ; then, by 
joining the vertex H and D, it will give the side of the 
triangle required. 



